
4 Sampling

4. A
.
Sample Mean and central Limit Theorem

Suppose we take a
series of measurements from some population.

( e.g. , height ,
duration

,
etc

.) suppose the quantity we aoe

measuring is distributed with mean µ
and variance 82 .

The sequence of measurements
can be modeled as a sequence of

RVs Ha , Has . - , Hu that are i. i- d .

The n - th sample mean is the RV

KT : =

EI ki
U



We know that

E- [ Eu 3 = EE Fr EE ski ] = I Effi ] = I - u -u =p

Var ( Eu ) = Var ⇐ IZ ki ) = Favour (ki) = Fin . E = In o
'

That is
,

• the mean stays the same

• the standard deviation approaches 0

This is the reason behind the weak law of large numbers :

PL l Eu -ul - e ] → o ( u → s)

for all possible bounds E >0
.



What is the Shape of the Distribution of Eu ?

Problem Eu is squeezed by the division by u .

Consider instead

Yi
: =
n
j .

Then E- [ Yi 3=0 , Var ( Yi ) = Var (* =# Valk :) = 1 .

The Hi are i. i. d , so also the Yi are i. E -
d

.

let un :-.
= ii. Tu - In

Then E[ Un ] = In - ELYT ] = VI - 0=0

Varun ) -- Var # .tt/--uVar(y-n)--u-1u.r--r



The central Limit Theorem (CLT)

The CLT says that the distributions of the Un , Ci - e ., the colts)

converge towards the calf of the
standard normal .

Theorem ( Lindeberg - Levy) [Central limit Theorem )

let Ki be i. i. d . Rus with mean y
and variance 82 and let

• Un
-

-
= If ( Eu -m)

• Fu be the cdf of Un ( i.e.
, Fuca

=P Clu Ex] )

ooo Io be the cdf of Nco ,
t )

.

Then

him Fuk ) = Io ex) f. a.
x ER

uses



Convergence in Distribution

This kind of convergence is called
"

convergence
in distribution

"

,

which is the weakest kind of convergence among RVs
.

For instance , the weak Law of large Numbers says that

Tcu →µ
"

in probability
"

,
which implies convergence

in distribution .

The CLT says ,
Fu CX) → Tee)

,
but this may be fast for

some x and slow for others .

In practice , convergence is faster for × close to 0 ,
that is
,

close to the mean
,
and slow if Kl i's large , i. e. , far away

from the mean
.



Interpretation and Application of the CLT

Let Ki be i. e. d. RVs with mean µ
and variance 82

.

Let Su : = ¥
,

#i be the sum of the Ki .

The CLT says that for large u the normalised scum

l

Foo
( Su - un)

has approximately a standard
normal distribution .

From that one can conclude that

Tn ~ N(up ,
use) approximately ,

where the approximation is best around the mean use .

Probabilities of the values of fu can then be approximated

by probabilities of a normally distributed RV
.



Example 64 : Au insurance company has 25.000 policy holders .

Considering the yearly claim of a policy holder as a RU,
the company

has observed that

• the mean of the claims is µ = € 320

• the standard deviation is 8 = € 540

What is the probability that the total yearly claim

is > € 8.3 Mio ?



Example 64 : Au insurance company has 25.000 policy holders .

Considering the yearly claim of a policy holder as a RU,
the company

has observed that

• the mean of the claims is µ = € 320

• the standard deviation is 8 = € 540

What is the probability that the total yearly claim

is > € 8.3 Mio ?

let E ; be the yearly claim of policy holder E
,
and

Su = ¥
.

Ei be the yearly sum of clams, u = 25,000 .

En = tu Tu be the average of the claims .

We want to know P [ Su > J
,
where s= 8.3 Mio .



From the CLT
, we conclude that

Yu nN( um ,
not) approx .

Hence

Pisa > s3=PIII > ¥73
a. PEE > SIT 3--1 - EC7

Now :

UM = 25,000+320
Vh8= V25cooo- x 540

= Vasta 5.4×102×102
= 8x

G

s - nµ=
8.3×106 - 8h06 S - up 3 105
- = - you,

= 3×105 fuse VEI x 5.4

= 0.351 x to = 3.51

Thus P[ fuss] = A - ¥( 3.51 ) = l - 0.9998=0.0002



Normal and Binomial Distribution

Corollary : let ki be independent Bernoulli ( p) RVs .

Then

u

Z ki - up
E- n

VI. Xp.
> Neon )

in distribution .

Rules of Thumb : A Binomial Chip) distribution is close to

• Wlup , npcr - p)) if both up > 5 ,
and her - p) > 5

• Poisson ( up) if up - 5 or uh -p)e5 ,
and u > 20



Example 65 : An airplane fits 150 passengers .

On a busy route , only 30% of the people that buy

a ticket take the plane .

If the airline sells 450 tickets per flight,
what is the

probability that the plane is overbooked ?



Example 65 : An airplane fits 150 passengers .

On a busy route , only 30% of the people that buy

a ticket take the plane .

If the airline sells 450 tickets per flight,
what is the

probability that the plane is overbooked ?

The number of passenger
P taking the plane is

a binomial RV with mean u -

p and variance n -per -p,

where

u = 450 , p
= 0.3

.

Let s = 150 be the number of seats available.

The plane is overbooked if

P > 150
.



We can approximate P by a RV 7C n NC up , upcr -PD .

Then

PIP > s ] = P [ IE > Sto. s]
§

adjustment when translating a discrete *)
into a continuous problem

=p [ H-wp-zsto.5-wp-g.es - Io (sto.5-wp-JYTVp-pjyu-lp.plIT Itpp

= l - Io ( d - 59 ) = 1 - 0.944 = 0
.

056 = 5.6%

E) called continuity correction


