
Exponential Functions

Three concepts : we consider functions with the following properties :

1) f-Cx) = at , × c- ④ ( i.e.
,
× like Fe

,
Ig , . . .)

,

for some a > 0

Exponentiation
an

,

are
,
am =Yfa, a°=1

1 = a- 3. as = at ⇒ a-
3 =L,
I

- E =
-

2) fcxty ) = fcxl . fcy) , x.YER a fat

Addition - multiplication homomorphism

3) flex ) = a f- Cx ) , X EIR and fool =L ,
for some ato .

Growth proportional to value
like

(edt )
'

= a e

"



We will see that these three concepts are

actually equivalent for differentiable functions .

If a differentiable function f has one of

these three properties , then it also
has the other two .

We show that

r) implies 2)

2) implies 3)

3) implies 2)

2) implies r)



We note that exponentiation can also be defined

for real numbers as exponents. This , however,
is only

conceptually interesting , it does not give us a practical

way to compute such powers .
That will come Later.

If × ECR is a real number , then we can approximate
it by rational numbers .

That is
,
there is a sequence ru

such that
bin ru = x or ru → X

.

u → is
1

Then we define
ax : = lour a

"

u → u

For instance
, this gives
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= bin ( 53
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57¥

,
. .
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Implication 1) ⇒ 2)

If f : IR → CR is differentiable and for some a ECR

× Exponentiationf-Cx) = a , X C- Ok

then

f-city ) = fcxl . fcy)
, x. y E R

Addition - multiplication

homomorphism

Proof : By the properties of exponentiation , we
have

1-city , = feel - fcy) for all x.y E Q .

If f is differentiable , it is also continuous and the

second equation holds also for x. ye IR because addition

and multiplication are continuous .



Implication 2) ⇒ 3)

If f : IR → CR is differentiable and

f-city ) = fcxl . fcy)
, ay ER

then there is a constant a c- IR such that

f-
'
Cx ) = a f- Cx ) , X EIR and fool =n .

Proof .. First
,
we note that too ) = r

.

This is because

f- co) = fCoto ) = fco ) - fco )

⇒ i = foo)



Next
,
we see what we can conclude about f

'
:

f-
'
ex , = bin fifth ) - fax,

h -70 h

= bin fcx ) - tch ) - fax, . y

h -70 h

= bin ¥1
. fcx)

h -70 h

= fin . tex,

= f'co ) . fcx)

So
, f'co, is the x we were looking for .



Implication 3) ⇒ 2)

If f : IR → CR is differentiable and

there is a constant a c- IR such that

f-
'
Cx ) = a f- Cx ) , X EIR and fool = 1

then

f-city ) = fcxl . fcy)
, x. y E R

Proof. This argument is a bit lengthy. We first

check that it is enough to prove the
claim for a = n

.

From there we arrive at the power series of the

exponential function and obtain the homomorphism

equation .



First : H 's enough to consider 2=1
.

Suppose that glue) = xgcxl and geo)
-

- n
.

We normalize g as f , defined as fox) : = g CIx) .

We get back g from f because gCX7= g ca - 1a .x) = flax ) .

Then flex , §
s
'

II x ) . I = Kg (IX) . If = g (Ix) = fee)
.9

chain rule proportional growth

That is
,
f satisfies f '=f

.

We also have fool = g
( Io ) = g Col =L .

Suppose we can show that such an f also satisfies

f-City ) = fctl . fcy) .

Then getty ) = fcacxty) ) = fcaxtayl-fcaxl-fca-p-g.CH -gey)
.

So
,
it suffices to consider 2=1 .



Second : what does f look like ?

It cannot be a polynomial like feel = ceo + and f - -
- faux

"

.

This would yield f
'""

= o
.

t
'" "

is the cute-th derivative

Let us assume that f has a power series , i - e .

,
f is

an infinitely long polynomial fuel = a. toe, x ht
. . - faux

"
t - - -

.

What does that tell us about the coefficients au
?

4 lets

f- Cx) = dot a, Xt t a2×2 t as x3 f- .
.
- t an X t auf,X

= = =

= =
Utm

f-
'

ex ) = O t an Xo t Zazx
"

t See# t - at U
- auk t @tr) anti

"

The series f
'
and f are the same iff they have the same

coefficients : a
,
= Ceo , Zaz = ay , . . .

,
Cut 1) anti = an .

That is
, they satisfy the recurrence

1

auth =

Tt au
with ao = l

.



The occurrence

an

auth = - with ao = l
Utd

leads to the values

Ao = 1, an = In , Az = ¥2 , as = ¥2.3
and generally

an = I
.

u !

The shape of f is therefore

tin -
- E. ÷. " -

- E
.

This function is also known as the exponential function

and it is often devoted as eep..

We see
,
its form derives from the two conditions

f
'
= f and f co ) = 1.



Third : The exponential function satisfies fatty) -- fan . fcy)
.

We start with the night - hand side :

f- Cx) . fcy) = If it! o Iyo
'

Reorganize the sum,
combine factors

whose exponents
add up to U ,

= E. II
.

,
toreaouu .

Multiply the inner
sum by n !

= IT
.

I⇒I÷*, :X " Y " " n -- a
.

.

= ⇐out, %⇒ (Uk) x " y
" - k

Binomial formula !

= Iota.

City
"

= Io Ent
"

-

- fusty )



Implication 2) ⇒ 1)

It

f-city ) = fcxl . fcy)
, ay ER

then for some a ECR

f- cx) = at, X E

Proof , we have already shown that from our

assumption it follows
that

• f co) = 1 .

We conclude from 1 = fool = fcxtc -all -- fcx) - fc -x ) that

• f C- x ) = -1
far,

-



Moreover
,

• f- ( m - x) = f- (Xf - - - tx ) = feel . - -
-

o fca = foam
TH TH

u

From fca) = fl Et Et .
.
- TE ) = f ( Eu )
-

we conclude u times

• HE) -
- if = fix,

""

Hence
,
for every

rational www.so In we leave

• f- ( Fa ) = f- ( m - E ) = FCI )
"

= ft
"

4)
"

= forth



So far we have seen that fcxty> = fax , - fay)

implies
fee , = f- cost

,
X E Q

For the special case of f- = exp , that- is , f
'
=f
,

we have O

y

fer ) = exp (r ) = -2 Tu
.

h =D

We often denote the number expel) simply
as e

.

Then we have

ex = exp Lik = expcx) = II ,
XEQ

Since exp is differentiable , (this was always our assumption)

it is continuous on Ok
,
this equality also holds for XECR .



If g satisfies g
'

ex , = age) ,

then gcx7= eepcax) ,

as seen before , that is,
P 2

"

x
"

gcx ,
= -2 -u !

U = O
'

w

?
ha.ve exp Cx) s O for X 70 and eepc - x ) =¥p¢, ,

hence expcx ) > o
holds also for x co .

That is , exp
'

= eepcx) > o for all XELR .

Thus
, exp is strictly monotonic aced has

an inverse

function that we
call log .



As the inverse of exp , the function log inherits the property

log ex .

y )
= log et) t log Cy)

.

The known laws for logarithms and exponents

can all be derived from the development shown

so far.


