
Derivatives and Integrals
--

-

consider a function f :[a.S] → R
.

We want to define what is the steepness of the curve f

⇐#
t

tf Xo Cx, we can say what
is the steepness over the stretch

from Xo to x : it is the gain in height
divided by the

length of the stretch .

.
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What happens if we choose x ever

closer to Xo ? The result depends
more and more on the immediate t

t'

e
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X - to

than we can see it as the steepness , i i
-

tox x x

of f in position X.
.

We call it
-
-

the derivative of f in Xo and denote it as

f-
'
exo ) = fine. = he;mo u

Let's find derivatives of some simple functions.

1) pocx ) =
1

.

Then

i live Poc fo ) - Polk ) frm
Poko ) = xx

=

+→ ×. ¥1. = FEY O = 0

So
,
the constant function 1 has derivative O .



2) pity = ×
.

Then

pic. -

- fry,
'

-

- fins.. -
- ¥7..
' -- 1

3) pzcx) = x ? Then

pika -
- II.×. II. = ¥7.. t¥
= lim k t X. = 2 Xo

x → Ke

Thet is

pz
' ca = 2x

4) To deal with puca = x
"

,

we recall that

X
"

- Xo
"

= C X - Xo ) ( x
" '

t x
" - 2×0 +x

" - '

x? t - - - t ko
" '

) .

Then

KEY..
= 47g,! x

" '

t x
" - 2x

. + x
" - '

x? t - r - t ko
" '

)
U - f

= U Xo



So
,
we
have obtained that pill = u x

" - '

.

We introduce a new notation for derivatives .

Instead of flex,

we write da feel , indicating which letter is the variable
*

according to which we aoe taking the derivative . Our

past results can then be
written as

Ide 1 = 0
, da k = 1 , da

,

x2 = 2x ,# x
"
= ur
" ' )

To obtain the
derivative of X

"

,
we already had to

use a special trick .

To avoid tricks as far as

possible , we derive a
bunch of properties of derivatives .

- Leibniz notation of
derivatives

* 7 We call this also the
-
-



Multiplying f by a constant :
consider gcxl = c.fax ) , CEIR

g
'
exo) -- 427.. = fish

. X - Xo

= Ein
.

c .

'
= c. ftp..tt#I.I=c.fix. ,

Here we used that constants can be pulled out of a limit.
The calculation gives us the property

(c. f)
'
= of

'

,

that is
, multiplicative constants

can be pulled out of the

derivative .

Recall that limits are generally compatible
with addition

and multiplication :

Fizz
.

(feat gets )= figg
.

f- exit ¥7
,
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figo ( fits - get ' ) = FEE
.

fat . ftp.gcxl

These properties are also
known as "

continuity of

addition and multiplicative .

We next apply the continuity of addition to
derivatives

.

Suppose hey = feel t ga ) .
They

"exo ) - f?f×
.

oil
X - Xo

=
dim H¥tgxEg
x → Xo X - Xo

continuity ga) - gcfo )

"In
.
-

- yes.. t II. .
= f-

'
H? t g

'

exo )

Hence fftg)
'
= f 't g

'



figo ( fits . get ' ) = FEE
.

fat . fez
.

gcxl

These properties are also
known as "

continuity of

addition and multiplicative .

We next apply the continuity of addition to
derivatives

.

Suppose hey = feel t ga ) .
They

ta) - feast gal - gab)
h
'

exo ) - ¥7,.tt#9-t*tEl=bm-X- toX - Xo X -7 Xo

c.¥¥"
- E3..

'
+
s¥
x - X-

ga) - geol

-s
-

- E.m.
.

+ KI. .
= f

'
H? t g

'

exo )

Hence (ft g)
'
= f 't g

'



To derive a rule for cs ,
we will use the trick of

adding and subtracting a useful term ( generally known as
"

17 camels trick
"

)
.

Suppose hcxl = fcxi . get) .
Then

fix, gct) - fool - gcxo )h
'

exo ) = thx
.#

=

him fagot) - fcxo ) ga) tfcxogcx)
- fa.co , gcxo )

x → Xo

#

X- Xo

= life.. "tg + too ,
x - Xo

-
- I;m×

.

. ftp..sc"
yea - geo)

+ fcxo ) lion-
X → Xo

X - Xo

= fllxo ) - gcx) t fad -

g
'

exo)



Hence , Cf - g)
'

= f
'

g t fg
'

.

In leibuizwofafiou.tw#d-d*fcxigcxs--fdzfxy/gcxltfcxif-dd
,
gx)

Applying the
"

product rule
"

to x
' yields

due a = ad
,

x. x .- (def . x) - x t x. (tax)
= A - X t k . I = 2X

We can also show by induction
that ¥ x

"
= u x

" - n

:

da x "' = day x. x' = (da x ) . x " ex -(da x ")
= r . x

"

+ × . u x
" - ^

= x
"

thx
"

= Cute)X
"



ChaiuR We now consider a function that is the

composition of two functions . Suppose level - fcgcxi) .

Then he, - hcxo , fcgcxo ) ) - fosca)
b'exo) = Irn - - line-

x → Xo
X - Xo

x →×. X - Xo

"

17 camels tack
"

=
em .

x → Xo gcxol - g.Cx) X - Xo

=
am tf .

am

x → Ko geol - g.Cx)
× -7 Xo X - Xo

tf g is differentiable, =
him ¥Y)

then S is continuous ,
y → gcxo) gcx. ) - y

- 9
'
Ko )

then gcxs → gcxo )

if x → xo . = f-
'

cycad ) . g'exo )



This gives us the rate : (tog)
'
= fog) . g

'

Here
,

"

o

'

is the composition operator for functions.

Examples Let us suppose we know that Siu
'
= cos
,

that is
,
cosine is the denver hue of sine .

What is the derivative of sin (xD ?

We can watch the chair rule viewing f as fcy > = siucy,

and gcxl -- X
? Then fly) = cosy and g.

'

ca -- 2x
.

Then the chain rule tells us

dye since2) = Siu
'
( AZ ) - 2K = cos - 2x - 2x cos

We can remember the rule as telling us to first take

the derivative of the outer function
and then multiplying

it with the one of the inner function :
"

outer derivative times

inner derivative
"



Interservice : Let g be the inverse function of f ,

that is
, gcfcyl) = y and fcgcx) ) --X

For example ,
let t : IR → Rt be the exponential

function fcx) = exp ex, . Then f has an inverse facetiae,

the (natural) logarithm g : Rt→ IR
, gey, = log ad .

Note that not every function
has an inverse

. Note also

Heat the euglena of an inverse depends on what we assume

to be domain and range of f .

Suppose , g is the inverse off and let h a. = fog be

the composition of f and g .

Then lick) = X. Hence

I = Fux = da
,
hcx , = f

'

cgcx)) - g
'

ex) .

1
This gives us
-

g'KFftg



Example fax) = exp Cx)
, gcx) = log x

-

:

Let's assume we know that exp
'
ex) = exp .

Actually ,

one way to define exp is to require
that

it eep
'
= exp til exp co) = 1

Then there is exactly one function that satisfies
these

requirements .
Since

what is clog
' ?

eep
'

= up

By the inverse rule g-

n v l

log
'

ex, = -- = -

exp
'clog x ) exp ( log x )

= I

g
x

since exp and log
are inverses



SimpCeQuotieutRu# : Suppose that gun =
I
fix,

i

consider ha , =
fax )

⇒
= taxi . gcx, .

Then hey = 1
.

Hence h 'cxl=0 . Therefore
,

O = U'ex) = f
'
ca . gcx ) t fax , - g' ex,

⇒ fax , g' Cx ) -

-
- flex ) get

⇒ gear. - tf, sax, = - t¥
,
.¥= - III.

Hence
.

⇒ I
= - ¥2



Example : fcx ) = XM , get = ×
- "

,
he IN

That is
, gcx , =
I By the previous rule , we have
far,

i

g
'

= - tf
,

= - = - u

= - u ft = - u x
- u - n

µ short
#

d -
u - n

- X
-
"

= - u x

de
-



Area under the Curve
-

A question annoy frequently a Geometry, Physics ,

and Engineering is to determine the area below the

graph of a function .

Consider for example the function far , = XZ and

suppose we want to find out the area between

the x - axis from 0 to 1 in our coordinate system
and the graph of f :

foxtail would like to do that far as
^ Wgteueral a class of functions as

possible .



Let 's suppose we have some
"reasonable"

ten T function f (what exactly that means
we

-

- will see as we develop our theory)et.ae#Eto:e::::i::E::simio+u
b

one of finding the area underf

from a to an arbitrary X .

Let's denote that area using
a new symbol as

Jai toady
and let the function F be defined as Fox )

: =/!faddy .

If we know F, then we
also know the area under f

from some Xo E Eacb] to some X
,
C- [ Xo , b] ! It is

f!! fapdy = fay , dy - S! fapdy = texas - Fax,



Let us find out how f and F are connected !

We study how sleep is
Fi from x. to x. the slope of f is

FCA ) - Fca)
-

kn - X
o

.

This has a geometric interpretation : It is the area of

- fun,
the blue column

divided by the
width H -xd.

say: ether Ews: I'I÷YY:
""

approaches Xo and
the blue area,

F-x. which was size Fcxi ) -
#Xo ) , gets

ever closer to the rectangle with
'

height fcxo)

and width (x, - ×.)
,

that is
,

Fcxnl - Fcxo ) a few ca - xD .

and in the limit we have
Fca ) - Feo)bin- = fcxo)

.

Xr→Xo Xn - Xo



Iu summary .

F
'

= f
.

Question : How well do we know a function if
we know its derivative ?

let G be another faucetson with G
'
- f. Then

( F - G)
'

= F
'
- G

'

= f - f = O .

What can we say about a function if its derivative
is 0 ?

We can conclude ( by the mean. - value theorem ) that

it is constant? ) x

so suppose that Fox ,
= Joe faddy and that we

have a G such that G
' =f . Then CF - G)

'

= 0
,

hence F - G = c for some Ce IR , that is G = Ft c .

as

we note that F = Jafar dy = O
,
since the area

over an interval of length O is o
. I

-

*
Of course, this

needs an extra proof , which,
however, is not

too difficult.



We conclude :

Jj fey) dy = Fox) = Fox ) - Fca,

"

17 camels trick
"
-= FCA t C - ( Fca ) t c) = Gex, - G ca)

consequences-:

• If we want to know the area under f

from a to b
,

we can find a function F

such that F
'
= f . Then the area

is

fbafct , de = Fca) - Fcb)
° If we want to find a function G suck that

- G
'

= f

- G ca ) = C

and find Gcb) for some b ,
then we know God = Ct

.

fbafcxidx .
If we have a way to compute the

area under f from a to b,

then we can compute Gcb) . Often , the area can be approximated .


