
PTS - Chapter 2



Z Random Variables
-
-

we roll 2 dice : the sum
It = D
,
t Dz ,

7C : y → IR

is a random variable

Idea : We are not interested
in arbitrary events,

but only

events that can be described by A leaving
certain values

E.
y . weight Z too kg , height c

l - Go in
,
- .

.

.



Back to dice

P( Etc -_ 2 ] ) = -31g P( Etc -_ co ] ) = j
Z Z

P ( Etc =3 ] ) =

I P( Etc -_
in ] ) =

TG
p

p PCE # = 4 ] ) = 536 p( Etc -_ ez ] ) = #
4

/ PCE It = 5 ] ) =

TG check

P( Etc -_ 6 ] ) = -35g E PCE # -- c- 37=1
is 2

P( Etc = 7 ] ) = 56g other poss. events expedite

/
PCE # = 8 ] ) = jj

by H :

PCE # = 9 ] ) =3
PEEK ← 93--3*9=3



A random variable E : S → 42

is discrete if it has only finitely (or countably )

many
values Kei . . .

,
Xu , - e -

It is continuous if it takes
a continuum of values

(e.g . weight, . . .)

Dee. The Council) distribution function

of It is

F : IR → To . 13

Fox ) = PIE Ex]
"

K n f
"

means
" Fos distribution of H

"



Distribution for It = Dr t D2
Fox) =P [* Ex]

'

TE. E

E)

Est En)

a 2 3 4 5 17 12

F- (2) = PETE EZ]

FCS) = PETE E3) = 31
,
c- If =-336



F answers all probability questions about It .

Eg 2PEACE Eb] =

.

THESJ = [ SEE a] [act e-b)

PEACE ES] = PEE Ey] - PIE Ea)

= Fcb) - Fey



Example 25 a) Suppose An F
P

e - g. , time unfit
a device breaks,

Fox , = {
° * ← °

an
atom decays

A - e-
×

,
470

I←a÷n.su#.tnuepouaiiu
r - I

-

Fox> =P [Hex]
e n - e-

×

IT



All distribution functions satisfy
. O E Fox ) El ? since

Felt PE# ⇐ Disposability)
° F is monotonically increasing

. lim Ect) = O .

Lim Fck ) = A

X -7 - D y → to

•

him Fox) = Fc
X -→+ Xo

Possible shapes xoxo

E-

-
T
-
ot

7 n

(
His discrete and

f- tphoessib value# is n

O n



2.1 Types of Random Venables
-

Let It be discrete
,

p : IR → Ear ]

pox> = PEE -

- ×] ←
(Pmf)

is the probability mass function of K
-
- -

Let ta , . . . , Xu , . .
. be the possible values of It

as

I pcxi ) = 1
c- In

Lmpk2G_ : let It takes values { 1 ,
2
,
3 }

and pod = } , post
-

- I ⇒ pce ) - f -
- I



txauepKI : let It takes values { 1 ,
2
,
3 }

and pod = } , post
-

- I ⇒ pce ) - f -
- I

put cumulative distribution fraction

÷÷£q Fox , = PEE # x ] = -2 PCY)

YEX

In general :

" E
←

- F is constant ou each

56 - =-3 interval

If E-7 Exc. . Xian )
- cdf
-

. F is a step function

-7
r

2 3



Definitional K is continuous if there is a fat

f : IR → IR
,
f Zo , fth ( = suck that)

P [ HE B) = Spg fee, dx
for all "

reasonable
"

B E R
.

We call f the

-
-

essentially uaioes probability
intervals ¥ty function of IE

( pdf )
Remark :
-

a =P [ It c- C - es .
as ) )

is

= J f ex , de

-
s b

PI a E 7C I 6 ] = Ja fax, ok



e-
×

x ? OExabyte :
fax , =L

o × co

FH ) =L
pdf -_

poob.de#.-pIac Ec b)
<
,

C
function

= area under the

"

graph of f

Ce b between a and
b

For a discrete If we would
take

E pcx)
cecx#
Connection between calf and pdf here :

x

Fca = PEA Ex ] = ) toy, dy
- co

⇒ Fff) = fry ( n ftp.Ecxi-o)



Connection between calf and pdf here :

x

Fca = PEA Ex ] = J toy) dy
- co

⇐ F f) = fix, Creasy
.

cxi - o)

what is F ?

e- Y y ? O

f- cyl =L
o

y
co

""

if
"

try , dy = {
'
-

I ° DY -

- o if no

Jj fcyidg if xzo

Jj fey , dog = !! teddy e )! faddy = Ot /! e-Tdy

=L - e-
Y] ! = - e-

^
- C- e- D= - e-

''

+ n -
- A - e-

×

This is the cdf of the exp . distribution



Example 30 Assume the following statistical figures for a
- -

community of families

no children % =
Z
ZO

l child 2006 = I
20

2 children 35% = I
20

3 children 30oz = E
20

The probability of boys and girls
is 50% each

.

What is the joint probability mass function for boys and girls ?

( i.e. : A = # boys , y = # girls)

Answer using conditioning on # of
children !



P [ A = 0
, y = o 3 = P [ no children ] = fo = I80

P [ It =o , y = 1 ] = P [
"

t child
"

n

' '

child is girl
"

]

= P [
"

child is girl
" I

"

A child] . P E
"

A child
"

]

= Iz .

I
=
-8

20 80

P [ H=0 , Y - 2 ] = P [
"

2 children are girls
"

I
"

2 children
"

]

• P [
"

2 children
"

]

= ÷, . I = I
20 80

P [ H=0 , y =3 ] = P [
"

3 children are girls
"

l
"

3 children
"

]

• P E
"

3children
"

]
A 03 3

=

-23
. - = -

←% 80



PETE = 1
, y - o ) = PE # = o , 9=13 = I - Ia = I

80

P [ It =L , y -_ A ] = P [
"

t boy ,
y girl

"

l
"

2 children
"

]

• P [
"

2 children
"

]

= I. I = I.
to 80

PETE -- 1
, Y -

- 23 =P [
"

l boy ,
2girls

"

l
"

3 children
"

]

• P E
"

3children
"

]

I 9
= 3 a ¥, e ¥ =

-

- 80
to

PEE - 2,9=03 = PEH -

-
O

, y -- 2)

PEH - 2,9=13 = PETCH
, y - 2)

P TH =3 , y ⇒ I -- PE H=0, y =3 )



This is the summary table ( multiples of # I

¥ 0 1 2 3 Sum
-

12 8 7 3 30 marginal
0

probabilities1/8 14
9 0/31 Ot 't

z
t 9

O O 16

3
3 O O O 3

-

sum ( 30 3h
16 3 / 80

marginal probabilities

of Y



This is the summary table ( multiples of # I

¥ 0 1 2 3 Sum
-

12 8 7 3 30 marginal
o fo 180 180 -

- i

-80 probabilities1/8 14
9 0 ( Lfo Ot 't

z
t 9

O O 16
Fo

g
3 O O O Io
-

sum I 30 3h
16 3 / too

marginal probabilities

of Y



we want a table of the form

÷ ,
o : :L

"

-



Revision : Random Variables It :S → R
-
-

probabilities pcfi)
for each sigle value Xi
that It can take

Distinguish 2 kinds
.

ocpcxilcr

discrete 3, §. pcxi ) = I
10

Pp :b!:*, mass-

xn # z 431×4×5 function (part)
y

PEX < HEY ] = E pcxi)

xcxi EY



continuous

probability
t

Sab t# de - A
, fee , > o

density # f! fctidz =L
i:a:

x y

PEX < Hey ] - PEX ⇐ Hey ] = fetid

f! fez ) d-2--1 In continuous case

PEA =x] =/
,

"

fczsdz ⇒

.¥##. 's :S:S :c:&:
a.



Distribution fee , = PIKE 'D

discrete case
it E-

"31
Fix )= I pcxi)

¥±¥ xi "

Uniform distribution U[0,1 ] Fox ) = !!fcHdt
continuous case (special case of Ulaid)

=

it if oexcen
Always : F '=f
( from Fundamentalt"' ↳ otherwise Theorem of calculus)

f-Htt
t n- Fn
-

l l Felix Here
.
Feel -- total da

¥
.
←¥¥o since + is

'I'II:
O 'k, 112

A O my age
t
n



Examples of continuous Distributions
-

7) Uuto "

waiting for
bus

"

Uta , b) : uniform on Ea ,
b]

density # c-c =# = fcxl.ae x Eb

4-
a b

distribution

EEE
'



2 Exponential Distribution-

Waiting for : a
customer , an

email
,
an atom to decay

"

Process w/o memory
"
:

A - - X
e

density
The probability to wait

at least ,#
a minutes does not depend

on

having waited
already b minutes

o
,

PEE > a ) = PEH > atblx >s) n
-

f-
distribution

function

This leads to the exponential
distribution

,

1- e-
×

, × so ;

check : the derivative 0 otherwise

of the distribution
is the density

¥, t - e-
''
= O - e-

''

c- e) = e-
×



\

3. Normal Distribution NCO
, E ) f¢ , = I e-

×
'

--

p x VI

mean variance

I.
density of

Nco .

-
I .lt

Sum of i_ude¥ RVs
,

-y
! a

-

of o
°

withsE¥Y
wow

°o° U
e. g .

Galton Board
- z - a

O r 2

Nco, I ) distribution
- X

Distribution function

of the normal
distribution

is written
Io for Niall



Density us . Distribution ( Student Question )
-

Fct ) = PETE Ex) is the definition of the
distribution

function of *

Suppose f is the density of
H C # continuous)

Then f- 20 ,

→f¥y ↳ finder
a-

"

f is density of
"

means
"

P [ as Heb ]
= lab feel ok

what is F in this case ?

Fix , = PE # ex ]
-

- Est "" dy¥m
- s#



c ( 2x - +2 )
,

Ott e-2

f- 44 = { o otherwise

f- ca) = c X ( 2 - x )

÷: :÷:
" """"" ¥¥

We want

1? text ok = A
Heal

, ! ! feel d- = { tend = § c (2x - + 2) d-

= c & 2x - Idle c ( { 2x de - S ! Nde)

= c ( [ x' I - [ IT ! ) -- ace
'

-07 - Ces - E)

= c 14 - Es ) = c ( t - F) = c 'S = a ⇒ c - ¥



2.IE/epecteh-ou-

Throwing a die : let
It be the value of the die .

Ou
"

average .

"

we see

To f- t 2 . f- + 3 . I t k - F t 5 - Io t G - I = I

Tossing a com u times : Expected # of
heads :

1 . Iz t O - Iz = Iz if we toss once

u = 2

O . I
,
th . I +2 . I = Ot I + I = I

n

tu general : z
= u . I



Tossing the coin until first lead :
z y

U

1. I t 2 - €12 t 3. ⇐ y
'

+ . . .

not converging . -

P 9
head T.tt T.T.lt

tst time

as k

= E K - €) =

K=r

Geometric series

co 1 (Non
- K

=
-

z x
n - x

ke O
utd

u n - X
Z x

"
=#

4=0



We want to calculate :

Reminder : Geometric series

es co

- K - l

Z K - €) Z x
"
=

Fx ,
War

K= n ke 0

It turns out that a more general
sum is easier to calculate :

e c
.

L K . x
,
Kk l

K -- n

-

Nole that

K . xk - I = d- ×k
ok

consequently,

K x
"
= x .

K - x

" - ^

= × .

d- xk
dx



Therefore , we can rewrite our sum as follows :

as

I k . x
"

= II x. k . x
" - ^

= x . II k . x
" - n

k -- n
-

t 't g
'
= (ft s)

' II # =

= x. I d- x " E x da Iz x
" E

× .

I -1
ka

de
-
n de e - x

Fda = x x
" '

d t
= × .

if y
-XI

- n
= X - fi) Cr - x)

- Z
= ¥1,2

Now
,
we can plug in Az for x :

¥
,

Klf ) " =
ya

= ¥5 = ? = 2

So
,
the expected number of coin tosses until

the first head is 2
.



Definition let It be a discoed RV
.
,

with oalaesxn , . - exe , . .

Then E Etc) :
' II Xi PEK - x :3 ,

if E has u values

E [It ) = ¥7
,

Xi PEE
-

- xi )
,
if * was as

-

many
values

.

,

EEK ) is the expected ochre of
K
.

Deftu Let It be
a continuous

Re. with density f .

Then
Etc ] £7 feel It

is the expected value of
*

µ#
(if the integral lasts) x.us

f- Cx ) -D

prob . of

P Ex c-KEATS)



Waiting time for alarm :

H waiting time Ru ,
takes value Co . 2J

ML X E Ioc 2)

Density feel = {
o otherwise

7

E [ A 3 = tea de = § x I de( = [⇐ Es : -

- [ ¥'s ! -- E - of =¥=t

Uniform probability
#

C

c . 2 = I1¥
O

L



2.2 Joint Distributions
-

Consider two RVs H
, y together. Study probabilities

P[H=x , y -- y ]
w

p [ are # Eb, caged]



Example 29 : 9 batteries
,
2 new

,

3part . charged , 4 empty .

Randomly select 3 out 9 butenes .

* # new ballets HE {0 , 1,23

y
# partially charged Ye Lo , e , 2.33

let pcx , y ) =
PEK -

- x
, y - y ) ← joint pouf of Handy

pcao ) =- = peon ) =
=#

a

Pco . 2) =
=¥ Pco ' 3) =

=÷

⑦ =¥¥÷ . .at. . .

"" " = *



pay =
= -2,44

per . 4 =
=÷

⇐) Y

p the O )
=

=

-84

peer ) =
= -34



We have computed the joint pouf of H andy .

Summarize in table ( by multiples of Ice)

K¥ 0 A 2 3 Sam
-

O 4 18 12 1 35 probability¥2 a 6 0/42 Otp
2. 4 3 O O t

ioiutrmtEup.y4@pnr8IIhin.es3prob.ofy =j , ire

←



Joint cumulative probability debris .

Flay> = PIE x
, yay )

Distribution of E

F* Cx ) = PEE
Ex ) -

- PEEEX , yes)

= Fcx
,
es )



How we get the marginal pint of E out of

the joint put pea , y, = PETCH , y=y ) ?

Peel = PEA =xJ
= ¥
,

PE # =x
, y - y;]

= FI, pox , y; )

pyeyl =p -cY=y]
= II
,

pcxicy)



How can we model joint probabilities in coat . case ?

discrete case : joint perf pacy)

continuous case: joint Pdf f- ( x
, y )

( p . densify f . )

text ~
#

- axis

fcfiy )
fcxiy )

y:-#
Swf"

Integrals
B d jeans ! - -

- -

-

-

r

.
= aoeas under

.

.

-

i

'

surface
I 7
x x - axis

O H
A



How can we model joint probabilities in
the

continuous case ?
I
-

11

Discrete case : joint punt play)
discrete

Continuous case : joint pdf fcxcy)

text ~
✓

* - axis

fcfiy )
fctip

"t"

integrals =
B d y - easy .

- -

-

-

.

.

.

.

.

" volume

/ s under
x x - axis

° a surface
A



PLO, o )

I
✓

It
XFO

y
4=0



Cavalieri 's Principle

y
'

X





let Hc Y continuous
. joint pdf is a fat

f : 112×112 → IR
,

For C € Rx IR
,
a
reasonable subset, we

have

PC Hifi c- d) = )) fcxiy) d- dy

CX , -11 Ed

Requirements of f
:

toxin 20 ,
If tetryl de dy = 1

112×112

It A. BE IR
,
then

PETE ←A
, y EB) = ↳§ tcxcydy) ok

= fglftfctiydydy



Change of integration order is similar to change of
summation order :

consider

Ayn An 2

Azn
k
22

Then

Fin ,¥
,

aij
= (an tar ) t Caza tazz)

¥q¥=naej = Kei t aan) t carat are)

The two sums are identical due to associativity and

commutativity of addition.

Similarly , we have ↳ fB fays de dy = FBI# fairy) dy de



Excerpt : let the joint Pdf of Hey be

toy, =L
2 e- 4 x. y > o

0
otherwise

%? toxic, da dy = §! 2 e-
"

e- Yak dy

= Tze-44? e-
" ok)dy= 1%4

-

L - e-
"

jody

{25410 - C-y) dy = jo z e- 4 dy = [
- e-"Jo

- 2 - o

= O - C - e ) = O - C - n ) =L



cc

Student Question : when evaluating an integral of with an

anti derivative F
, why do we plug

the upper bound first into f ?
"

€µ IIs an antidesire
.tie off

F
'

= f

^

|
= [ Ect ) ]fab tea dx = Fcb) - Fca)

a

f! text de = fry f! taxi d- =

lying
,

( Fcb) - Fca) -_§?f Fcb )) - Fea)



→ x > A

PEH - n . Y - D

= §§ fix , y) dy de y

= f! ! e- " 2e
-" dy da

x > n
, yer

= f? e-
× Jo 2e-" dy de = ! e- ' [e-

"] ! de

-

- Jie- " f -e
- Z

- C - e. 1) de = [etc 1 - e- 2) ok
-
- G - e

-y Iet dx = ca -e
-

y [ - e-
' 3?

= ( e - e-2) e-
'
= e-

^
- e

-3



This is a coastal Heat

g! ! e- × 2e-4 dy de can be pulled out of
the integral .

Special case of : f

Ja ↳ 943 - hey) dy de = fµgcxµydµ
= ↳ hey ) dy

. Sagen de
= fagots de . fgghcyldy

It Then

n) fca = gas hcg ¥ , f
-

g
= Saf - J Bg

21 Integration area has

form A XB



J! ! e- '' 2e
-" dy de

= I? e- xdx . Jo 2e-Ydy = [- e- x )? . Ee
- "J !

= e-ice - e
-

y



P [ Aca ) a > o

= J! f! e- × . 2e-24 dy de

= J! e- ' de . § z e- 2yd?
Density of Exp (2)

= [ - e-
'Ii . I - e

-

4J!

= Ceo - e-
a

) . ( et - o)

= (n - e
-

al - e



PEE < Y)

- sis:*.. . . ⇐
'

¥t¥¥÷
A

= fo f! feat) ok dy
¥ fool! e- × 2 e-

"
dy de = joe- × [ - e-"]! ok

= foo Ex e
- " da = If e- 3" de = [ - f e- K ]?

= Is e-
so
= I



2.1 Independent Random Variables
-

E. F iud . ⇐ PEE F) = PCE ) . PCF )

⇐ s PCE CF ) = PCE)

(E =

''

HEA
"

,

key are independent iff I =
"

y ⇐ B
")

PE # c- A , Y G B) = PEH c-AI - PC GEB)

for all A- , B E IR

Equivalent : PIE Ea
, y Eb] ← PEA Ea) - PLY Eb)

,

f. a .
a. be CR

that is

Ica , b) = F
#
ca) . Fycb)



Equivalent for discrete Rus :

pcxiy) =P# Cx ) . pyceyg f. a . x. y ER

For coat
.

Rus

fcx
,

= f-* Ct ) . fycy) .



Example 33
: Cet H

, y be independent , each
with

-
-

e-
×

,

X >o
what can we saydensity

fee , =L
o

otherwise
about the quotient
of two independent
-

What is the density of Ig ?
and exponentially

distributed Rus ?
Two steps :

r) Cdf of §
2) pdf is derivative of Cdf



D Fca> =P [ My E a] =P [ H e ay)

= J! J!
"
e
- × e- Y de dy

= Soo e-Y [ - e-
×

]? dy = S!e - Y ( r - e-4) dy

= § e-Yaya [ e
- c'# ' Y

dy
b

= 1 - [- Tfa e-
'"" Y ) = r tf -

-J
O

O

= A t t Ita ) = A - Ffa Cdf

2) f ca ) = dfa Fca ) = - data @ta)
-t

= - fi) Ital
- Z

= A- pdf
@+a)

2



Remark : Generalization to u Rus Ha , . . .

,
Ha

-

is possible :

- joint pmf pan , .
- - Hu)

- joint pdf fcxn , . .

. ,xu )

- independence pcxn , . . . ,xu ) -- Panchi . . . . - Paucar)

f-Ca ,
. .

- i Xu ) =ftq4 . ) . - - - - ftcucxa )



Joint distribution of Rus H
. Y : Revision

individual Rus can be described by

parts (discrete)

pdfs ( continuous)

Joint parts : Phi , Yi) if a. y; are the possible
values of Ecg

Joint pdfs: Htt 'll
go

÷
,
pcxi , y; ) = 1

) ) Hay) dy de = n

- cs - o

H K

I. I
,

pctiili )

1. I. tcxiyldxdyX

§ ? pcxiiyi )



[

Marginal pints , pdfs

p# Cti ) = Piti , y ; ) Pycyi )= ? policy ; )

0
A

f-* Cx) = ) feat ) dy fycy) = ) Hayy
de

-W

- P



Independence of events
E

,
I irdep . if

•

"

iuf about E does not provide information about F
"

• PCI IE ) = PCI) (⇐ PC FIE ) -- PCE)

Independence of Rus
⇐ PCE F) = PCE) PCI)

K
. Y are iudep . if

all events that can be described in
terms of#

"
5 LIE C 9

"

,

"

¥72 "
,

"

Ifco w If >2 "

are independent of events that can be described
in focus of Y .

"

y z y
u



Proposition K
, y are independent iff

• pcxi , y; ) = P# (Xi) . Pycyj ) ,
f.a . x.my;

• fix ,y) = f- * Cx ) . f- yet ) , f. a . x.y



Marginal Densities and Independence

Suppose H , y have the joint distribution

toys . {
Ze

- ''
e
' ocxcy

0
otherwise

y >x
d

y -_ X

- -
r e -

-
- . - o - -

Y
T

p
co

fylytffctiylck f# 44=1 feet) dy
- O × -

- cs

÷

= µ2E^eYdx :
= 5×2 e- "e- Ydy

÷
I
-

,

i



tally feat) dy = 5×2 e- "e- Ydy
= 2e
" I? e- Y dy = 2 e-

← [ - e- Y)!
= 2 e-

" e-
×

= 2 e
-K

f-ylyk fetid de = f! Zeke-Ydx

= 2e
-Y J! e" de = 2e- Y E - e- '' Jo

"

= Le
- " ( n - e-

'

y



Expected Values of Rus

Die : k hes values l
,
- -

,
6
,
all with peace, =L

ELSE] = d. pie) t 2 . peat
. .

- t 6. pcb)

= (At Zt - - t 6) f- = 356

Discrete RV H

ETH ) = Tg ti - pea)

continuous RV

a

E- EH] = ) x . tox> de
- es



IooperkesofEtpecteho#
k RV
, get) function ⇒ g. ( IE) is a RV

* points of die , GHI =xZ ⇒ SEE) =#2
,
squares of
points

¥2 is a new
RV

values probabilities
E Eto) = l - F t le . I + . .

. .

.
. . . . 36 . 1

1 46 6

4 % At U c- 9 t 16+25 t 366
9 elf =

-6
16

1/6
25 %

=9136
11 6
b



Imagines a die with whiners -3
,
-2

.

- l
,
he 2 . 3

It is the number on top of the dee : EEE3=0

Let 2- - = K
"

il find the pouf of Z and compute EEZ)

pouf of z
EEZ ) = l - F t ee . } + g . }

2) Take a weighted average of the gate )
wines probabilities EEE) = f- 3)

'

- f- e@5. I + Cuff
q ) Itt -- I see .④+ a.① +

i
4
- c.
-

6

1
- ie -

= ? Xi - pcxe )

We found : E [ got ) ) = I glti )
- Pki)



Poo position 39 ( " Law of the Unconscious Statistician ;
LOTUS )

¥ RV
, g : CR

→ IR

. E Eg Ck)]
= § gcxi ) pcxi )

a

• Ecg CA) ]
= ) guy - foot de

- s



Applications of Locus
-

H RV
, a. b EIR . gcx) -- aktb

?
E [ a# + b ) = a FETE) t b ,

y

E[got)) = f (axtb) fee , ok = ax fees tbfcx, de
- co

= a
xfcxidxe I:b - Afca de

= a
EEK) t b . 1%1 feel ok

= a EEK) t b. 1



let It
, y be Rus

.

what about EEK ty ) ?

EEK c- g) =
?

EEE ] 1- Etsy] ( Do we need independence ?)

Lotus also holds for 2- dim
. densities :

let Kc Y be Rus with joint pdf f-Cay) ,
let g :RNR-4K

Then

O O

E [ gut, y) ) = f ) scats fays dedy
- co - as

The summation Law follows coolie goat )
= sty



E- ESCH , Y )) get .y)

Lotus

EE # ty ) = ↳ ↳ ⇐ tytfcxiylckdy

= ↳ fat
- fctiy) d-dy t ↳↳ y . fcxay, de dy

= lmk # fcxiyldy ) de t ↳ y # fcxipdx)dy
- -

f-*HI fycy)

- f x . f# la de t Jay - fgc 'll dy
IR

= E- [ HI t EET )



Generalization

E- [ Ein ki ) = EEK i]

Throwing 2 dice ,
adding result Itntkz

7- t

E- [ It, t Ha) =
EEK

,
3 t EEK )

=

ztz
= 7-

Example 42 : Tossing coin u times
,
E[# heads ] = ?

put) =p , p CE) = t-p

let Hi -- t iff head with i - th toss ⇒ E [ Hi > =p

u times r.EE?InItf--uEEke3-- up
Nole : EEK ) = A - p t O . @ -

p) =p ! !



Last topic : Expected value of a RV

Idea : longterm average

¥ disco
. § Xi pail

,

×
,
poss. values of k

k court. ↳ X - fcxsdx ,
f pdf

Another interpolation : center of gravity

H cont
JE disco . : a number of ponds xn , xc , . -

-

,

with weight pcxi ) weight proportional to
Pee. ) pad height of carve

med
points on a T

center of gravity IN
weightless rod supports #

the construction center of
gravity



Properties of Exp .
U
.
:

E [ ate] = a EEZ)

E L b ] = b

E [ Ht Y ) = E EAT + ELY) ! holds also if

~

Hey arent

E- [ Ant .
. - t # a ] = ZECK, ]

independent

E-
as

lotus

E [got] = 1µg fuel de



New Topic

✓c#=
EE# I = Ecy)

µ meeee of K . ]

. K
.

Values of Y are spread much farther
around fu

than the values of

2.1 Variance 2

Verna :-. E# -

m) ) gcx,
- ex -of

is the variance of It .

×
why not ELLIE -ul ) ?

The definition with the square
has better mathematical

properties .



How can we calculate
Valk) ? Suppose IE N f.

A) Apply Lotus :

Var GE ) = f ex -e5 fix de
42

= 1*62-2quest) feel
de

= ftp.kfcade-2fefyzxfcx/cktpef*fcxidx
Shortcut

= E [ H2) - 2µ EEK) t Mt
- A

= E TH
'

] - 2in t µ
'

= EEE
'

] - EEE] 's
A square of

mean

2nd moment of It



^

Var CHI -- E ECE
-MT)

= EE EZ - Zuk tee]

= E [to ]
- 2h EEK) t µ2

= E [H2 ) - Zeid + µ2 = E EEZ] - 42

Example
It = number ou die

E- EH] -

- I . Also E [K2) =3 ( East)

Valk ) = EEE)
- EE#32 = II - €12 =

¥-12
AZ

=

¥47 =351212



Units : unit of measurement of It is metre
, see

⇒ unit of measurement of H2 is metre
,
see
'

Get back to original unit :
take V. :

r
G := Uas- CA )

is the standard deviation
.

One often writes the variance
as the square of

the standard deviations

✓wut ) = 82



X = ( X
, , fr i 43 )

y = CY , I 421 Ys )
#

dist ( x.y) = If# - y . )
'
t cxz - Yzf t et, -73"



Properties of Ual
- )

.
Suppose k has EEE ) =p.

.

• Var ( Htb) = Var CH)

•
Var cake ) = at var CE)

•
Var ( Ht y )

E Var CH ) tuareg ) only if

Hey independent

y
-

✓wcatttb) = E[y
'

] - EEYIZ

= EE @Etb)] - EEE# tsf

= EERIE 't Zab # the ] - @EEK] + b)
-

= a
' EEE]t2abEEk3tEEb2)
- ate - Zabar - 62



= a
' EEE] t Zab EEK ) t EES')
- ate - Zabar - 62

=
at E- ESE? ) t 2able c- 62

- am - Easy. -E
= at ( EEE) - = a

' Valk)

Note : da# = a 8¥



Covariance
we vote

Var ( Ht H ) = Val 2K ) = 4 Var CH )

-4 Valk ) t Valk)

Defnih : E. Y RU
, µ*

-

- EEZ )
, leg

- ECG ]

Then

Cov Gt
, y) = E ICH - really - leg ))

This assumes a joint distribution of K and Y .



Property of CoV
couch

, y) = E ICH - really - leg ))

COUCH
. g) = EE HY -MEY

-

my
#

e-Many ]

= ELEY ) - u # Ely) -My EEK ) th # My
= EEIEY ) - Mang -

.mg/u*tM#g--EE7Ey3-E-L7EIEEy]

Observation : K
, Y independent

⇒ EEKY ] = EZE) - Ecg)

⇒ Guck, 97=0



Observation : IE
, y incl .

⇒ EEKg) = ELIE ] - ETYJ

Suppose Hrf , y ng
:

EE Egg

↳"

I ¥
,

x. Y fix gcy) da)dy

= gypsy - 947 * x. fade) dry
-

= ↳ t . text de . ↳ y . says dy

= EEK I - EEG]



Proposition 46 Cool Hn THz , y ) = Cov ( E, , y) t Cov (Ha , y)

Cor LIE
,

tho
. g) = EE Ck, -17827 - y) - E [ Hated . EEG)

= E [ key ) t EIHT ] - EEE, ] - EET) - EERIEEg)

= ETH , y) - EERIE [ y ]

t E Ekg ) - EEEz) - ECG)

=
Coo ( Hn

, y) t Cov ( Az , y)

theorem
cool ? Ki . Ejyg )

= ? } aucki , y;)



Consequence :

Val E ki) = Gul E. Hi . ? Hi )i

= I § Go ( ki , Kj)

= Ii ( IZ,
Go ( ki , ki ) t Go CA , # i))

= & ¥ , Gov ( ki , X; ) ) t ?
Gu CHI , ki)

= ? Valki ) t Ze Ze,
Cor ( Hi

, Kj)

For u -- 2 :

Var CK t y l = Var CIE ) + Uco Capt 2 Car CIG g)



Meaning of covariance Couch
.

> o : Hey grow together in the same direction

( O : K
, y grow

in sync
in opposite directions

Xo : key vary independently

* y
.

-

Normalize Rus E
. y by taking g*

I

§ ,

It

i. e.
, Trump

COUCH , y)
Coro ( It

, Y) =
- correlation

8¥ 8g between

couching ) Handy
=#

Huaca) - Varig )





Example: to independent dire rolls : Hi is i - th roll

u

Vari Enki ) =p
E var Cti )
[ =n

iced

in

= E I = to -I
i=n

12
r2

What about the standard
deviation ?

Uae has grown by factor 10 ,

8 grows by factor Ino !



2. 8 The weak Law of Large Numbers

Markov 's inequality
let It 20 wth EEK ] exists .

let also a > o
. Then

O

E [ 7C ] = )!x feel de Z J x fox, ok
a

z /! a feel ok -_ a Jaffas de -- a PIK Ze]

PETEza ) e EUI
X. fees on

←
a



Apply Markov 's Inequality :

y
' = (K -G)

2

,
a = K
'

Assume : Var CIE ) = 22 ⇒ E [ g) = Var CH) = 82

PE IE -ul z k ]

= PE CH -up z ke) = PI y Ik
')

E- Ey) 22
E - = -

K2 K
'

Tchebysheu 's luequuhfy :

PE l H -ul zk] E ÷ if var# =3
'



Example 52 Suppose the working time of a person-
-

B a RV * with me
40 hrs

.

1) How poop
able is it that the person will

work more

than Go hrs ?

Apply : PETEza ) e ETI
a

PEE 260 ) E ¥ = Fo = Zz



Example 52 Suppose the working time of a person-
-

B a RV * with me
40 hrs

.

2) If Var = 16
,
how probable is it the person

will work between 32 and 48 hrs ?

Apply : PE IIE -ul z k ] E IT

P E IH - 401 I 8 ] E 8£ =÷ = -4

⇒ PE HE -401 E 83=1 - I, = I
,



Example ,
Small Schools

Educational scientists found that among the schools that

far best in evaluations of teaching success
.
there are

many more small
schools than there are small schools

among
all schools .

( see statistics from North Carolina)

The gales Foundation decided in the early 2000$

to invest heavily in the establishment of
swell

schools Ce . g. , by splitting Cowger schools into
smaller

ones)

was that a good idea ?
The story is from
Daniel Kahnemanu
" Thinking , Fast and

flow "



Performance of

small schools in

North Carolina

From

Alex Tabarrole

" The Small Schools Myth
"

,

September L ,
Lolo

https://marginalrevolution . Com



Distribution of Performance wrt Student Numbers

1

From

Alex Tabarrole

" The Small Schools Myth
"

,

September L ,
Lolo

https://marginalrevolution . Com



What happens if we execute an experiment many times

and take averages of the outcomes ?

Let It be a RV, let Ken , . . .

.
Ku be Rus that

^) have the same distribution as If

2) are independent

Ci - i . d .

RVs
,
i.e.
,
independent identically distributed Rus)

let 82 = Var CH) = Var Gti ) , µ= ELIE ]
= EEK.]

,

u

-2 Hi

HT E

h



we have Eu =

.

Then

EEE ] = I II. EEKit = I . ( n -u ) -- u

Var (Eal = Var CE EI
.

Hi ) = In Var CIE
.

Hi)

i dependence
of the.fi#-.zvarc*i)=tg.Eo2--filu.o7-- E

Chebyshev with HT
and K =

Ep Probability of e - outliers

P-li.EE - al >e) =P TIE -else]
82

E ÷ = f. II→ o cu → o )



Theorem ( weak law of Large Numbers)

Let Hn , - a. , Xu , . .
.

be i. i. d. RUS with meant and VarCA) cos .

Then for every Ezo

fish, PI
IE

.

ki -al se ) =o

i. e.
,
the probability of e

- outliers goes
toward 0 .

There is also a Strong Law of Large Numbers , which says

P-LE.ms E Enki = u ) -- 1

for i. i. d . Rus ki provided E [ ki ) a .


