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5 Estimation
-

we observe i. i. d . RUS Hn , Hz , . . .
and want to estimate

M and 8 ?

Unbiased estimators are

u

I = In Z ki
E-n

s
'

= E
. .

Hi -EY
.

How good are estimates obtained with them ?



5. 1
. Interval Estimates

As estimates we provide intervals Ca
, b) such that

µ E ( aib) or 82 c- Carb)

with a
"

high degree of confidence
"

.

Assumption : kn , Hu -
- are Ncp , -2) i. i. d .

I we can sometimes drop this assumption due
to the CLT)

Not with
"

high probability because we
don't know the distribution

of µ or se ?



Cases :

• 82 is known
, µ is unknown

•
both 82 and µ are unknown , interested in ye

•
82 is unknown ( M is who interest)

Interval Types :

• two - sided intervals : Ca . b)

• lower intervals : C - es , b)

• upper intervals ( a ,
o )



5.2g Estimation of two - sided Intervals

" "

Suppose we want to be 95% confident that he Cares) .

How should we choose a, b ?

Use case 1 : How good is
, for given values xn , . . . ,×u for

ten , . . . , Ku , the average I as
an estimate of the mean EEKJ ?

Idea : Design functions

acx )
, Kx )

with corresponding Rbs G -

- alt) , B -- BCE) oth

PLA 's
µ EB ] = 95%

Terminology : 590 = too % - 9506 is the confidence level .



How Choose a, b ?

We consider the problem to determine constants a. b Sth

PE a E Z E b 3=1 - a , Zndtocr )

Trivial !

£
tan := Cr -%)

212
" "
11/1/11 "1111111 . . . .

- Zay Zay

choose a = - Zaz ,
b = Zak

In general define :

ta := TEU - x)
.



Next suppose ,

En Nch ,
r)

,

but
ye

unknown

⇒ IE -y ⇐ N'Con) ⇒ µ - IE E Ncar )

1- a =P [-Zak E µ - H E Zay] Note : The interval

← boundaries are RV,

= PEH - Zak E m e k + za, ]
not the mean µ .

- -

a. CA ) b CIE)

Finally ,
Hin NCMP) ⇒ E n NCM , Edy
-

-

⇒ It -yr
Nco

, Fa) ⇒ µ - ten .N( 0 , In 82)

⇒ In t.to#-nNcon)

⇒ n - a = PE - Zaz 's VT E tan ]



⇒ n - a = PE - za, z
E IT¥ E tan ]

= PI - Fu Zay E µ -E E Eru Zak ]
= PI E - Fu Zay E M E E t Eru Eau ]

Proposition : . Let TE n NCµ , I o
') .

let

• acx ) = X - Ipu Zacz
• buy = X t Fru Eda .

Then
p [ aCE ) e µ e bCE ) ) = A - a

we say that (ACE) ,

b CE )) is a 4 - a) - too % confidence

interval for the mean , for a given I .



5. 3 Estimation of One - sided hetero

Pmposition : Let EN NIM , 18
') and let

• act) = X - ¥ Za÷÷::::÷÷
• PE µ E b CE) ]

= 1 - x

(ACE ) ,

as ) and L - p , beet ) are upper

and lower confidence intervals



5.4
. Fixing the Interval length

Suppose we went a confidence interval (
ace ) ,

beet)

• for X -al -
too %

• of length outmost L .

How many observations
are needed ?

• The length of ( ace )
,

BCE )) is

BCE) - ace ) = It I the - (I - Fei Zhu)
na

= 2 Fu Zak

• Hence bee ) - ace ) E L # 2¥ Zaz E L
2

⇐ IT z ZE tale ⇒ uz @E Zay)



5. 5 Where we need the Normal

we only used the assumption that

E - Maize)
.

Due to the CLT ,
this is also approximately tree

for averages of non - normal RVs .

Rule of Thumb : For u 230 , we can assume a

normal distribution of E



5. 6 Confidence Interval forµ With Unknown 82

Reduction to Tu n Nco , t ) does not work
.

8

However
,
if Erika , . -

are i. id
.

N'(Mio) , then

in Eton tu - n

Analogously to Za ,
where

PIZ E Ea ] = l - a

define ta
, u by

PE th Eta , .
3=1 - a





Analogous theory holds with

• ally = X - ⇐ tar , u - n ly for 2- sided intervals• box ) = X t ¥ tag , u - n
( ACE ) , BCE) )

• ally = X - ⇐ ta , u - n for ( act ) , P )

• box ) = Xt ⇐ ta
, u

- n for l - s ,
bit)



Remarks : (A) This rests on the assumption that the Hi
are normal

.

(2) Usage of tu - n only necessary for small u (
u E 30)

,
since

tu → Ncaa )

(3) Whether tu . , is needed or Ncar) will do . depends on the

confidence level :

• the higher the confidence ,
the smaller a,

the further ta ,
a to the tail

• the slower convergence
to the normal



5. 7 Confidence Intervals for 82

Recall

:* ,÷ n ne
. .
i¥
In - ah , u 12%12,4

By definition ,

n - a =P It? - ah , n - n
E d - n ) ¥ E 122am , n - n

]

= P-L.ch
- al S2

Naz , a - n

E 62 E Ch - r ) S2

XY - ah , u - n

]

The 2 - sided boundary functions are they

⑨ acs
'

) =

C - n ) &
• boy =

Cr - n ) St

£212 , h - n NY - 2121 h - n



One - sided boundary functions are

• acs
'

) =

Cr - n ) Sl

ti
Sh - n

• best ) =
Cr - n ) St

N
r - L

,
h - n




