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1
. Introduction to Probability Theory
--

-
-

P
.

T
.

. concept to speak about uncertainty
Pardes
-

S

( games of chance, recurring
events with some pattern of

variation
,
e.g. , measurements .

balls i.a a Gallon board ,

et
. )

e methods to quantify uncertainty

Example .. Rolling a
owe D

l 3

what is PCD= 6) ? - PCDZ 4) ? g- =L P ( Day) ? I
6 2 2

Meaning :

1) In the long run , 1/6 of the
throws results in

6
.

2) There⇒decay of r de G that this threw
oesaeb in 6

.

frequentist subjective (Bayesian)
- -

No consequences for
view

mathematical theory



t.IE#s

Experiments :

I said Spacey ( =
set of possible outcomes)

T is known
,

but not a specific outcome

Rolling a die :
T = Ll, 2,3, . . .

, 63
#9=6

Rolling two dice : 5 =L (l
, e) , 11,21, - . .

,
Cl
, 61

,
#9=6--6

n .
r

'

16,11
,

.

! !? ' " "egg, g
' 36

Galton board :
I

with a levees [
•

has outcomes .

•

.
} "

• . If a

{1 , - . .,htr3Ww#w
{ O
, . .

. ,u3
4th



I can also be infinite !

• measuring distances
: any

number M 70 is poss. outcome

- E -
we E E 0.5

,
3. oo]

infinitely many
seals in the

° How many
lanes Ceo we

had to throw
interval

a die centre a G appears

⇒ consider arbitrarily long sequence
of throws ,

even infinite one



Events :

throw an even
www.ser Levee =L 2.4.63

throw two equal numbers Ee que =L
(lit)

,
(2,2), . . . 16,633

In general : E E S T events acre sets

& occurs if outcome E E
-

^ ← the outcome of our experiment
in an experiment

Set operations on events

Ev F amor for ' )
En F

,
EF intersection (

"

and
")

E- complement (
"
hot

" )
,
T - E = E

E - F E and wot F

= En SE



Example : Epona : = E 2
, 3.53

Ewen u Eprime =L 2,3 , 4,5 ,
6 } = Etz

E-
ever n {prime = 223
E-
prime

= Ll, 4 , 63
Special case of E S

, impossible erect

To
www.gg
En F - f disjoint pronunciation
5=4 , of = S
E -

- E f
EUTT = E- n I

,
ETF = Eu E ( De Morgan 's Rule)

E = F E E F and the E

E
, F are equivalent
-



1. 2 Axioms of Probability
-

PCE) probability of E , is a real number

At : O E PCE) E 1
any

two are disjointpairwise
AZ : PCs) = 1 f f
43 : If Ee , Ez , . . . are mutually elegant (ire, Ein Ej - of for it; )

Heu PCE
,
u

- - - c Ea ) = PC Ee) t - - - t PCE) = II. Ei , f. a. u
( also holds for infinite saws)

what is PC¢) = 0 because

I. of are disjoint

PCS ) = PCS of ) = PCS) + PIX)
- -

-

=D O = PCf)
P( Zemun} ) = Pl Eeoee ? t PCH })



Proposition : PCE ) = A- PCE)

Proof : En E- =p , E u E = S

l = PCS) = PCE u E) = PCE ) t PCE )
Axz

A

=D l - PCE ) = PCE)
about

what#Eu F) in general ?

I = E l F
E I

e -

- Ent
TI F F n E

PCE u F) = DCIUI - E )
=P CI) - PCI ) - PCTI ) Gtx 3)

PCE ) = PCI ) t PCI)
PLF) = PCI ) t RTI)
⇒ PC Eu F) = PCE) t PCF) - PCEn F)



Proposition 2 : PCE u F1 = PCE ) t PCF) - PCEn f)
-

Example3
-

:

Drinkers Quit

B drinks beer
,
W drinks wie

PCB u w) = PCB) t PCW ) - PCB w)
=

. 68 t
. 49 -

. 35 = 117 -
. 035 = .82

PC Buf) = e - . 82=-18



7¥11 : The odds of E in

PCE ) PCE)
- = -

PCE ) e - PCE)

Says how much more likely E s thee E-

Quiz : Odds of throwing a 4

E = 243
,
PCE) =L

,

PCE) T e
odds (E) = - = -

d - PCE)
=I 5

6

Trump example : PET will be el
.

"

) = *
-

odds (E) = = Zz
E



1. 3 Uniformity-
Often : all outcomes an equally likely

( only possible if I find

and leave prob .
70

# say
9--21, - - - a }

⇒ P (Lr )) = Pls237 = . .
. = PCL - 3) =

p
⇒ I = PCT) = DC Les .

. .

.
- 3) = p@e31t.r - f PcEu3 ) = n -

p
AZ

A-3
⇒ A = u -p ⇒ p= I = Pki} )

,
le if u

-
-

Generalize : El⇒ PCE ) = #⇒ # E is the
u

card
. of E



Counting Pmc:pE
-

# out c-cues :
throw 2 er 3 dice

first throw a die ,
determines a stacc of cards

then pick a card (of 32)
Court iectsoas of experiments, sequential executions

E
,
has ur outcomes, EZ was a outcomes

# Outcomes of
"

Er these EI = cu - u

Outcomes correspond to ueaarx

(1,11 , r . - Ct
,
h )

l?, r )
-

-

C ne , e ) .
. . .
(Uch )

(a general : Ei has Ui outcomes
ha, u

,
. . . . Ur⇒ En then Ez .

.
. then Er

outcomes



Quiz 3 : Socks in a Box
# E

P(2 socks have diff. colour) = -
-- # Y

E

8 black
, 7 white

T = Pain of socks picked , first, then second ⇒ # 5=15×14

E = Pain with ( 1st = w n 2nd -b) u (1st ⇒a 2nd -_ w)

#E 7 a 8 t 8 x 7

#E t - 8 t 8 - t TH - 8 8

Ig
=- =-=

-

15 . 14 15 - 74L 15



Quiz 4 : How many
words ?
-
-

- z

# Words =
# possibilities 1st bit ×

X # - a -
2nd - a -

2
x

- - .

I

k # - o.
-

32k bit xz

= 232 H Z'
°

= 1024 k sooo = 103

= 230 . 22 = (2kg
'

.
22

~~ @3)
S

. 22 = 4
,

000
, 000,000



Quiz 5 : People on an Elevator
-

PC
"

all off of same floor
°)

--

E

Ei =
" all off at flood i

"

CE El, . . . 4)

T = { ( In , fz , fs , fy ) I fi ⇐ Leek 343 , c- =L
,

- . - 14 }
= Ice , einen )

,
Chin1,2 )

,
. . - }

#S = 44 11 In general : f =# floor , p e
#persons°

too
Ei -

- hi , i. i. it 3 ⇒ HE = l

E = put
.

E
,
⇒ =①

He a:# ftp.i. "ee : ¥5 -
- I.÷?disjoint union ,

i.e.
, the Ei are mat. disjoint



let 10 books : 4 CS
.
3 Mate

,
2 stat

,
I Host

Organize so that book of same suspect are together:

E.
g. , SS. Cccc . It

.
MMM

How
many possibilities

?

1)#permutations of sasjects 4 . 3 - Z . 1 = 4 !

z) permutation within subjects , e.g . CS : 4 !

M : 3 !

S : 2 !

# Arrangements = 4 ! -
4 ! - 3 ! 2 ! 1 !

* , e :

= (23-3) . ( 23 . 3) - ( 273 ) . 2
'

4 ! = 4 - 3 - 2

= 28 . 33 = 256 - 27
-

-27.3-2=23
. 3

I 250 - 28

= 250.4 . 7 = 7 . tooo = 7-eoo

# Arrangement , w/ book cured up wsihantgfea%EFusfed.ggtogether
10 . 9.8 .

. .
. A = to.

'

k lo !



ExampE7_ Guise oifh 5 male
,
3 female students

,

we had an cleave : all students got different weak

PC "
all female students got the top coerces

"

) =
-

S = all possible rankings ,
# S = 8 ! E

Females Top Rankings :

71
-

-
3 ! 5 !

#E 3 ! 5 ! 3 ! 54 34PCE ) = - = - =- =
-

# S 8 ! 8. t - G -51 8.74

1
= -

=
I

8- 7 56



Ex2Reasikd_ .

. The top 3 students aoeaoaadoaeg

chosen set of 3 out of 8.

We asked : what • the probes23
that a specific sets

chosen ?

How many
choices of 3 out of 8 one possible ?

%) choose 3 out of 8 in sequence
: How many pods. ?

8- 7.6

2.) A set of 3 can be obtained in
3 ! ways

A
.
G
,
c

b
, Cca

a
,

C
c
S cc Acs

b
,
cc c c

,
be a

8- 7 - G (8. 7. 6) . ( 5. car - . - t )
In to Kee :- = --

3 - Z -
l G - 2 - t) r ( 5.4 . . - r 1)

=
t -

- B ) -E)
3 ? 5 !



Generalize : Choose w out of u

n !
= ( Y )

"
u caooar

"

Al select r elements out of a :

= guy
,)

" binomial coefficients
"

U
'

(h - l) . .
. ( heart 1)

2-) we get the same set r!
'

times

( xty)
"

= (
"

o) xnyot x

"

y
'

+ (E) a
" - -

y
'

-

+ . . . .
We accede a cooler

①
the g. Soard by making

Pascal 's tnaagce : caucuses of choices of
⑦ ① going Lor R ,

only one ① ② ① which correspond to

path #
choices of candy

① ③ ③ ⑦-

leading to a each node

Pth oa the sides ① ④ ⑥ ④⑦ has the #

← of paths

Gooey bit
in the g. board



ExampG Given 5 men
,
8 women

. Randomly

select 5 persons .

PC ' '

2 men
,

3 women are select
") =

I = all possible choices of
5 out of 13

# S = CE)
Z = selection 2 were

or of 5
,

3 women out of
8

# E - E ) . ( §)
(E) . (§ ) 560

PCE ) =-
= -

(F ) p
'287

On hands .

notes



Exampled.i Given objects e , . . .

,
u

.
Select sasses

of size K
.

P ( t is in the selection
-) =
e-

E

T = all subsets of size K of Ll, . . . , u }
# s = ( Ya)

E = all Subsets of size
K confecting

T

-

- I
i.e
, only

choose accusing
# E = €

,) K
-
l out of u - t

U - l

PCE) =

(=
( L) iu#

nt

= kn



Coadtrouat Probabilities
-

Throw two dice

PCD
,
t Dz - 8) =#{¥C5c37 (6.273

# g

= 536
Suppose, we know De =3 .

( whet if D. =

P ( Det Da -- 8 / D, =3) = ?
⇒ PC - 3=0

Incondition

New sample space S
'
= { 13 , n ) , C 3,2 ) - . . , ( 3,6)}

# T
'

= G

E
'
= { ( 3,5) } ⇒ A- E

'

= A

Pl b, t D2 -- 8lb , =3) = IIE! = f-



Definition er : Events E. F
,

PC F) so

PC El F) = ¥71

PCE)
PCF)

f- Note :

Ppnfjagl.FI is again a

→ !#-) e. s : pie. e:&,
PCT)=p

- = PCE.lt/t...tPcEc.IT ) if

NOW
, only outcomes on F

are considered possible
tick

mutually

E
'
= En F

disjoint

S
'

- z

-

Normalize P to P
'

- PC - II)
,

Sade that PKS ') - n

P' ( E ) =P(Elt ) =
EFI
PCF)



Subjective C - Bayesian ) view of probabilities

we have seen the subj. view of card . pools .

Frequentist view : n experiments

I I n . PIF) many
times

EF = n . P (EF) many
times

Ignore outcomes wet F
.

Among the n - PCF) many F - outcomes
,

there are n PCEF) many

EF - outcomes
n . p(EF) PCEF )

⇒ PCE IT) =-
= -

u . PCI ) PCT)



Example 1L
-

Box with 32 transistors :

20 KorKing ,
8 Earthy working ,

4 deficient

Exp : Choose A transistor
.

Suppose it does not fail
.

What is the pub .

that it is working ?

Three events : W
,
P
,
D l pick a socking , . . .

transistor)
Z o

P ( WII) =
1¥

= .

-

= .

=
-20=-5

PCI) PCWup) -28 28 7

32

PCEF)
P ( El F) =-

PCF)



Quitting Gies E

p ( 2. treads 121,7'd)
=

F- h
y

= = Etihad) ( T , # s
.

Plz l head) ( Tat) }

= 4iI*=÷= 's



Quiz 8 : Champions teaching the face
- -

winning the

PC Champions) = p , # ←
thee

w) = PINIF) PCI)

=
.
5 x

.

2 = 0.1

=

PIF ) =
. 2

PCWIF) =
. 5

PCWIF) = PCWFIPCF
)

⇒ P (WI F) Pt) = Pf WF)



Bayes
' Formula -
-
-
-

E F

E. I events ⇒ E = EF EE \ I
⇒ PCE ) = PCE F ) t PCE E)
-

EF

=P ( El F) PCI ) + PCEII ) PCI)
Heke : PCE ) can be computed by special case of the

law of

conditioning on some I total probability ( LOTP)
R

Example 15 Insurance company : People are k taker (30%)
- - -

-

or not
. Every year , 40% of risk lakes

have an qfde.at,
only 20% of non- Nsk takers . What is PCA) ?

PCA) = P(AIR ) PCR) t RAIE) PCB)

=
.
4 x

.
3 t

.

2x
.
7 =

.

12 t
. 14 = 0.26



Kp darting beliefs in the presence of new information

E-xaueple.ly : Suppose , a client
has an accident

.

What is the prob .

this was a n3ktaker?_
-

= ME, - inked) Bayesian

Remember :
€

PCdR) PIRA) -
4 x.3

PCA IR) = - = -

=
-

PCR) PCR)
0.26

⇒ PIRA ) -

- PCAIR ) PCR)
=

=

-162=93--0.46



Bayes
' Formula

PCE I F) PIF)PCF IE ) = -

PCE)

Quiz 9 : Testing for a Disease

D person has disease J test is positive

PITI D) =÷ PCJIJ) = PCD) =
-1

#
too

PCDIT) =¥ =

=
-1

PIT) # 2

PCT ) =

PfJ1D7PCD1tpgy@gpcpgTF-Eo.ootE.E
.

'

one

(OTP



General Law of Total Probability (LOTP)
--

let Fe , . . . . I be a patron of T ,

i.e .

• Fin Fj = 0 ,
it] Note :

u

• ¥
.

Fi = F
,
u .

. - U Fu = J Z PCIe ) = I
i= n

E E S event ⇒ E = ¥1 E Fi
⇒ PCE) = ¥

,

PCE Fi) = ÷E
,

PCE Ifi ) PCFi)



Quiz M : Marbles
-

-

LOTP : what are
E and the Fi ?

{ = Marble drawn is red

Fi = The i - the bag is chosen

PCE ) = PCEIF
.
) PCI ) t PCE la ) PC Fa ) t PCE tf ) PCFD

PCIe ) = PCI ) - PCE) -

- I
PCZI F.) = IT PCEIIZ )=÷- PCE I -51=5,35

60

⇒ PCE ) = Iz8° =
A # Go

J -
= -

100 / too 100
1



(Fili !
.

partition off, E event

PCI , I E) = .

PCFIE) PCE Fi )

PCT-ilEJ-pq.pe
=

PCE)

KEI Fi ) PCI. )
=
1-

PCEIF. > PCIe)

Generalized Bayes
' Formula



Quit to : Biuid - 20 Diagnosis true Why ? no %
-

-

p S
B person

has Biuid B.IE
→ ±

T test is positive Testyesa \
Interesting : PCB IT) = ?

⇐ -

PCJIB) =←
false positions

all people

100

NFIB ) = too ⇒ PCTIB) -

- Toto

PIB) - Foo
9% - IE

PCBIJ) =
PIB)

,=
,

Pits ÷ IE
.

- - -
-

PIT) = PCJIBIPIB) =
= 49-8=91.67

+ PITI B- ) - PCB) x 92



1. 6 Independent Events
-
-

Example : Consider a deck of French cards

E = draw a redcay PCI) = ¥2 - % red

faces
g. = draw an

p( FIE) = -226
PCE ) =L ,

PCEIF) =L us

# red cards

tu. Knowing F doesn't
tell us anything about E

E. Face independent
guy prior

probably

In general, PCEIF) f PCE) of E

→
posterior prob . of E

Definition : E. I independent PCE ( F ) = PCE)
-

-

-

-



Note : the definition is symmetric S

PCE I F) = PCE) ⇒ PCE) = 1¥
PCF)
- if PFS) to,

⇒ Ipc I PCE ) # o

The first definition assumes that PCF) # 0

Alternative :

E
,
I iudep. iff PCE F) = PCE ) - PCI )

PCE ) PCI ) = PC EF) ⇒ PCF, = #F)
P CZ)

PCFE)
=

⇒ = PC II E)



Quiz : Dice and kedepeudeace
E =

"

D
,
t Dz=7

"
F-{1261.45/1441.15341621}=0# f- = 5

I =
"

D
,
t Dz = 8

"

g > 213,1 ) , . .
. .

,
( 3G ) )

G =

" D
.
=3

"

⇒ #g -- G

Ziad F : PCE F) = of f. Is = PCEIPCF) No !

E ind g : PCE g) = Is = f. Io - PCE )Pcg ) Yes !

I iced g : PCFG) - Z f E - I ' PC F) Pcg ) No !

PCE ) =¥ -

- I PCEF) =
O

PCF ) =
-5

PC Eg ) = Is
36 P ( Fg) =

E
366

Pcg ) = -6=1
36 6



Example : Consider a deck of French cards

- we observe as
well :

E = draw a redcay

I = draw an

Mei -- E .
next -- E ) I}÷.PIF) = Is .
Pl FIE) = Is PCE) -- I

2

Symmetry : PCE) -

- I}
-

PCE = PCE) PCF)\# Definition of independence
⇐ PC ESF ) = PCE) of events

⇒ PCFI E) = PCF)

if PCE) to # Pity



Esther 21 E. F independent ⇒ E. F independent

Proof: Show PCE E) = PCE) PCE)

PCE) = PCE Fu EE) = PC EF ) t REE)
= PCE ) - PC F) t PCEE)

⇒ PCE ) - PCE ) - PCF) = PCE.FI
11
-

y - RF)) PCE ) = pcEE)

E. Find .

⇒ E. Find .

Independence is inherited by complements



Consider E iced of F
, ¥ E iced Fn g

E iced ofg

Example Throw two dice

② =
"

D. tDz=7
"

F -
"

D
,
=p

"

g
=

"

132=6
"

PCE ) -_ If PCFI = f- Pcg) =L
PCE F) = I PCEG ) = I PCFg) =L366 36 36
⇒

E. t iced
. E. g ind

what about iud
. of E and Ing = Fg ?

PCE)PCFg) - ft =/ If = PCEFG)
-
- PCECFGD

36

⇒ E and Fg are# ind .



Lef E iud of F, E iud of G .

Can we conclude that

kind of Fg ( = Frg ) ?

No !
Examp Throw two dice !

E =

"

Dat Dz = 7
"

F-
"

D
,
= 1

"

g =

"

Dc -_ 6
"

PCE ) -

-

A PCF ) -- to Pcg > = to
6

PCE F) =
I PCEg) =L, PC Fg ) =L,
36

⇒ E. Find. ⇒ E. g iced
.

what about the independence of E
and Fg ?

Compare PCE ( Fg )) and PCE ) - PC Fg) !

PCE ( Fg) ) = PCE Fg ) - Ig
PCE ) - PCFg) = to - %

Since 136 t f- - gig , E and F.g are independent



Detection 2-2 : E. Fog are independent if

• E. F and E.g and F.g are red .

(Peirce .
ind .)

• PCE Fg) = PCE) PCF ) Pcg )

Now
. E and Fg are iced .

PCE - CFG)) = PCE t g) = PCE) PCF)←ind .

- PCE ) PC FG) of
F.g



Remark : E
.
F
. g ind ⇒ E and ⇐og) red.

PIE (Fog )) =P ( EF u Eg)
= PCE Ft t PCEg ) - PCE Ig) =PCFS)
-

= PCE ) PCF) t PCE) Pcg) - PCE ) PC⇒ PCG)
= PCE) ( PCF) t Pcg) - PC Fg ) )
= PCE ) PC Fug)



-

195%1%7-1d) Ei . - - - ie . an independent
- for every subset of Fe . . . . . Fm :

PC In .
. . Fm ) = PCI) - - -

. PCFm)

Elamites : o Sequences of experiments, Ei refers to i- th
execution of experiment

E. g.
i Rolling dice

° Sequences of
disease tests :

lathiGen for one
test being positive

for

people w/ and
w/o disease :

PCT I D) = .

99 RFID) = .
99

- P( J I D- I = .
Ol

p¥f false positives



° Sequences of
disease tests :

luthier for one
test being positive

for

people w/ and
w/o disease :

PCT I D) = .

99 RFID) = .
99

P - PCT I D- I = .
Ol

sensitivity -
prob. of false positives

• let J
, .
Tz be two applications of test to sameperson

w/ Dos .
outcome

P ( Jn I ID) Lfo . too 2.98 sensitivity does notcard
.

indepeu - →
I PCJ

,
ID) . plz Ip ) go

much down

deuce

PCT
.
T, CE ) (

← PCC Jan Je ) ID ) )

↳ I' NT
. IE) - Pico) - ÷ - Foo -

- IoT
→

probability for false positives a small



* Sequences of disease tests

Example probabilities for a test being positive for

people w/ and w/o disease specificity
)

PCT ID ) =

. 99g PC III ) = .

<

sensitivity ⇒ p ( T I D) = -

or

tf PCD ) is low Ce
- g. ,
1% ) , then we cannot rely on the

test because there are as many true positive
as

false positive test results
.



• What can we do ?

Idea : Apply the test twice ! First Jr , then I .

But : Need to ensure that probabilities multiply !

That is numbers

from
P ( J

.
Tz I D) = PC Jn l D ) P ( TalD) ¢ our example

= ÷
.

. ?÷
.

= a 98%

This property of Tn
, Tz ,D is spelt out as

"

Jr and Tz are conditionally independent given D
"

It is independence of T. . Tz with regard to the

probability measure remember that for every

PC . ID) probability Pc . ) ou s

also PC - ID) is a probability
on S

.



Assume that J. . Tz are also independent given
D-

.

Then

PCT, Ja II ) = PCI ID) . PC Tz ( D- ) numbers

from
¢ our example

= ÷ .

.
? -

-⇐

This shows that the probability of

false positives has been sharply seduced :

The relationship between false and true positives
how is numbers

1
from

-

¢ oar example

98 on

A Bayesian analyses of what can
be concluded

from the other test results ( ITT , 5-rgzaud In TT)
will be part of the assignment .



www.SPCT.TT/D#
= PC T

. lol PCE i t) = II -÷ = ÷,
PC T.TTu ITal D ) = %÷

,

= Too
PCDIT. I - Ish)

= le)
.

"H
z PCT, Eso) .

PCD)

PCT
.
I u ITD

=

PC T
.
I) = PCT

.
I ID ) . PCD) t PCT

. Is (5) PCI)
-

-¥ . ÷ t ÷ -Fo

← ÷ .
I

=#

x.

-

- ¥m ..
-
-ELT

106



www.SPCT.TIII#
,

= PC T
. lol PCEit) = ÷ .

= ÷,
PCT

.
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