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Introduction to Probability Theory

PROBABILITY THEORY IS a means for measuring and speaking about the
uncertainty about occurrences of events. The event will happen or not,
but we do not know which will be the case. Suppose for example that I roll
a die. The die will necessarily show one face, but we do not know which
one; the event “the die will show a 6” is uncertain.

Probabilities quantify this uncertainty. In this case, we would say some-
thing like “the probability of the die showing a 6 is 1/6,” since there are six
possible outcomes that we consider equally likely. There are two ways to
understand this statement:

» if we repeat the experiment a large enough number of times, then in 1/6
of them the outcome will be a 6;

* we believe that there is a 1 in 6 chance of this specific roll landing on 6.

The first is the frequentist view. This view suggests that a probability is
intrinsic to the event, and it can be studied and determined by repeat-
ing an experiment. The second is the subjective (or Bayesian) view, where
the probability refers to the belief of the agent stating the probability. Al-
though these two views have some deep philosophical differences, they do
not affect the study of the mathematical properties of probabilities. So we
often disregard these differences when studying the theory of probabilities
formally.*

Events

WE WILL DEAL with experiments whose outcome is uncertain, but where
the set of all possible outcomes is known. This set of all possible outcomes
is called the sample space, denoted by .. When rolling a die, the sample
spaceis.¥ = {l,...,6}. Sample spaces may be very simple, or very complex.
For example, in a race the sample space may describe all the possible or-
derings in which the participants can finish. Indeed, .¥ may be infinite.
Any subset of the state space is called an event. If the outcome of the
experiment is contained in a given event &, then we say that & occurred.
For example, the event of the die rolling an even number is & = {2,4, 6}.5
Since events are sets, we can define new events through set operations
over other events. Given two events & and %, their union (& U %), inter-
section (&%), and complement (&) are also events.% In our dice example,

* An accessible discussion on the Bayesian
view, and its importance in modern statis-
tics is available here.

5 Obviously, more complex events are pos-
sible for other spaces.

5 For a brief introduction to set theory and
Venn diagrams, see the relevant handout.


https://www.the-tls.co.uk/articles/public/thomas-bayes-science-crisis/
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if & = {2,4, 6} is the event of rolling an even number, and & = {2, 3, 5} refers
to the event of rolling a prime number, then

* §UZF =1{2,3,4,5,6}: rolling an even or a prime number;
* &% = {2}: rolling a prime even number; and
e &=1{1,3,5} rolling an odd number.

It is possible that an event is empty, for example by taking the intersection
of two events that do not share any outcomes like {2} and {3}. This event
is denoted by @; e.g. {2}{3} = @. If £F = @, then & and & are mutually
exclusive. Notice that the whole sample space is also an event, and that
& = @.” Just as with sets, we can consider inclusions between events, too.
& is contained in & if all outcomes in & are also in &. In this case, we
write§ S F orFo28. If § < F and & < &, then & and & are equivalent
(& = &). For example, rolling a two is contained in rolling an even number,
and is equivalent to rolling a prime even number.

Axioms of Probability

RECALL THAT THE FREQUENTIST view states that if we repeat an experi-
ment repeatedly under the exact same conditions, then the proportion of
times in which the outcome belongs to a given event & will converge to a
constant, which reflects the probability of &.

From a mathematical point of view, for every event & over a sample
space .# there is a number, called the probability of & and denoted as P(&)
that satisfies the following three axioms:

Axiom1 0<P(&)<1;
Axiom 2 P(&)=1;and

Axiom 3 For any sequence of mutually exclusive events &1, &,...,% and for
any n € Nitholds that P(U, &) = X, P(&)).

The first axiom says that the probability of any event is always a number
between 0 and 1. Axiom 2 gives a completeness statement on probabili-
ties: the probability of observing any outcome from the sample space is
always 1. The last axiom shows how to aggregate the probabilities of mu-
tually exclusive events: the probability of their union is always the sum of
their individual probabilities.

The frequentist view of probabilities clearly satisfies these three axioms:
for any event &, the proportion (or frequency) of times in which a repeated
experiment falls in an outcome from & is necessarily between 0 and 1;
in every repetition of the experiment the outcome belongs to the sample
space .##; and if two events & and % do not have any outcome in common,
then the proportion of the time in which the outcome is in & or in % is the
sum of their respective frequencies. As an example of this last axiom, sup-
pose that & is the event where a roll of a die falls in an even number, and
& that it falls on the number 1. Then, we expect & to hold half (50 per-
cent) of the time, and & %-th of the time. Then & U % should be observed
approximately 66% of the time.

“In terms of language, we can see the
union as a (non-exclusive) or, the intersec-
tion as an and, and the complement as a
no.

8 That is, events such that &;& j = @ when-
everi# j.
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These simple axioms allow us derive many properties of probabilities,
and understand them formally. We start with two simple propositions that
already showcase some interesting characteristics of the theory.

Proposition 1. For every event &, P(€) =1 - P(&).

Proof. By definition, & and & are disjoint, and . = & U&. Using Axiom 3,
it follows that P(#) = P(§ U&) = P(&) + P(&). By Axiom 2 it also follows
that P(#) = 1, and hence P(&) = 1 - P(&). O

In other words, the probability of an event not occurring is always one
minus the probability of it occurring. For example, if the probability of
rolling an even number in a die is 0.6, then the probability of rolling an
odd number must be 0.4.

Notice that Axiom 3 provides a means for computing the probability of
the union of two or more events, but only if they are mutually exclusive.
We often need to compute such probabilities for events that are not nec-
essarily disjoint. We can do that, as longs as we know the probability of the
intersection.

Proposition 2. Foreverytwo events&, %, P(EUF) = P(E)+P(F)-P(EF).

Proof. To help in this proof, consider the Venn diagram in Figure 1. The
three regions [, II, and III are mutually exclusive. Hence, it follows that

PEUF)=P1)+PID + P(ID;
P(&) =PI+ P(1D);
P(%) =PI+ P(ID.

Thus, P(EUZF) = P(8)+P(F)—P(l). Since Il = £ %, this finishes the proof.
O

Example 3. 23 percent of adults drink beer; 7 percent drink wine, and
2 percent drink both, beer and wine. What percentage of people drink
neither beer nor wine?

Solution. To know how many people drink neither beer nor wine, it suf-
fices to know how many people drink at least one of these beverages (the
desired event is the complement of this one). Let & be the event of a per-
son drinking beer, and & the event of drinking wine. The probability of

drinking one of them is®

PEUF)=P(E)+P(F)-P(EF)=0.23+0.07-0.02=0.28.

The probability of a person being abstemious is 1 —0.28 = 0.72. A

ANOTHER IMPORTANT NOTION when speaking about uncertainty and
probability is that of odds.

Definition 4. The odds of an event & is defined by % =7 L },‘5(%,) .

Intuitively, the odds of an event & tells us how much more likely it is
that & occurs than that it does not occur. If the odds of & is greater than 1,
then it is more likely to see & than not; and vice versa if it is smaller than 1.

Figure 1: Three relevant regions in a Venn
diagram.

9 To see this in a different way, think: how
many people drink only beer? These are
those that drink beer, minus those that
drink beer and wine: P(&) — P(6%). Those
that drink only wine are P(¥) — P(6%).
So, the people that drink beer or wine are
those that drink only beer, plus those that
drink only wine, plus those that drink both:
P(E)-PEF)+P(F)-PEF)+PEF).
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For example, if rolling a 2 in a die has probability P(&) = %, then the odds
1
6
see a 2 than it is to roll the 2. In this case, we say that “the odds are 1 to 5

of this event is =/ % = % Consequently, it is five times more likely not to

against the event &.”1°

Uniformity

THERE ARE MANY CASES where it is natural to assume that every point in
the sample space ¥ is equally likely to occur. If the sample space is finite,
(for example, if . = {1,..., n} for some n € N), then this means that

P{1}) =...=P({n}) =p.
Using Axioms 2 and 3, it follows that
1=P(A)=P({1}) +...+ P({n}) = np,

and hence for every i, P({i}) = p = % That is, every outcome has the same
probability of occurring determined by the total size of the sample space.

We can use Axiom 3 again to generalise this result to arbitrary events.
For an event &, let #& denote the number of elements (outcomes) in &.
If all outcomes are equally likely to occur in a sample space with 7 ele-

ments,! then
#&

P&)=—.
n
That is, the probability of & is the proportion of elements in the sample
space that belong to &.
For that reason, it is often important to be able to count the number
of different ways in which an event may occur. One very helpful rule for
counting is the basic principle of counting.

Principle (Basic Principle of Counting). If two experiments are performed,
such that Experiment 1 can result in any of m different outcomes, and for
each of them Experiment 2 may result in any of n outcomes, then together
there are mn different possible outcomes for the two experiments.

To show that this is the case, it suffices to enumerate all possible out-
comes of the two experiments, arranging them in a matrix where every
row corresponds to the outcome of Experiment 1, and every column to
the outcome of Experiment 2. This matrix has overall mn elements (see
Figure 2).

Example 5. A drawer contains 8 black socks and 6 white socks. We “ran-
domly” take two socks from the drawer. What is the probability of them
not forming a pair?'?

Solution. We first measure the size of the sample space: the possible out-
comes of removing two socks from the drawer. There are 14 socks origi-
nally inside. First we can choose any of those 14 socks, and then any of the
13 remaining ones. Overall, there are 14 - 13 = 182 possible combinations.
In order to not have a pair, we have to extract first a black one followed by a
white one (8- 6 = 48 combinations) or first a white one followed by a black

10 Or, dually, in favour of &.

Axioms of probability:
1. 0sP@&) =1
2. P(#AN)=1

3. PUL, &) =X P& if & are mu-
tually exclusive.

"' We often refer to this case as having a
uniform sample space.

(1,1) 1,2) 1,n)
2,1) 2,2) e 2,n)
(m1) (m2) ... (m,n)

Figure 2: Possible outcomes for the Basic
Principle of Counting

12 That is, we want the probability of the
two selected socks having different color.
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one 6 -8 = 48 combinations). Hence, assuming that each combination of

the sample space is equally likely to occur,'3

48+48 _ 96 20'53.

182 ~ 182
Obviously, the basic principle of counting can be generalised to cases

we see that the probability is

where more than two experiments are performed. If r experiments are
performed, such that Experiment 1 can result in any of n; different out-
comes, and for each of them Experiment 2 may result in any of n, out-
comes, and so on, then together there are n; - ny--- n, different possible
outcomes for the r experiments.

Consider for example the question of counting the number of ways in
which a collection of n different objects can be organised over a line. For
a small enough n, we can find this number through enumeration: all the
linear ordering of the letters a, b, and c are abc, ach, bac, bca, cab, and
cba; that is, there are 6 such orderings. We often call each of these order-
ings a permutation. There are six permutations on any set of three objects.
Rather than enumerating them all, which becomes impossible (or at least
tedious) as the number of objects grows, one can also count the number
of permutations using the basic principle: the first object in the permuta-
tion may be any of 3 choices, the second any of the remaining 2 choices,
and the last one is determined by the previous outcomes (that is, only one
choice remains). In other words, there are 3-2-1 = 6 permutations.

If instead of 3 we have n objects, then the same argument can be used
to conclude that there are n(n—1)(n—2)---3-2-1 different permutations
of them. This expression is known as 7 factorial and denoted by n!.'4

Example 6. We want to organize in a bookshelf 10 books, which are di-
vided in the following subjects: 4 are computer science, 3 are mathemat-
ics, 2 are statistics, and 1 is history. If we want all the books from the same
subject to appear together, how many different arrangements are possi-
ble?

Solution. First we consider the number of possible different permutations
of the subject matters: since there are 4 different subjects, we can choose
any of 4! different orderings of them. Once that we have chosen the order
of the subjects, we must choose the order of the books within the subject.
The CS books allow 4! different ordering, the mathematics ones have 3!
orders, statistics 2!, and the history book has only 1 = 1! ordering. Thus,
overall there are 4!4!3!2!1! = 6,912 possible ways to arrange the bookshelf
keeping books from the same subject together.

Example 7. A course has 5 male and 3 female students. After an exam,
all students are ranked according to their performance. Assuming that the
scores of the exams are all different, (a) how many different rankings are
possible? (b) If all rankings are equally likely, what is the probability of
women getting the 3 highest scores?

Solution. (a) There are 8 people taking the test, so there are 8! = 40320

possible rankings. (b) There are 3! rankings between the female students,

and 5! rankings among males; thus through the basic principle of count-

ing, there are 5!3! rankings where the first ranked are females. The desired
531 _ 3.2.1

probability is then % = 5% = 1/56.

3 That is what we often mean when saying
that an experiment is done “randomly.”

“Thatis, n'=n(n-1)(mn-2)---3-2-1. For
the sake of completeness, we define 0! := 1.
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RATHER THAN ORDERING the objects in a collection with n elements, we
sometimes want to count the number of groups with r objects that can
be formed. For instance: how many groups of 3 elements can be formed
with the five items A, B, C, D, and E? One way to solve this problem is the
following. We have 5 ways to select the first element, 4 to select the second,
and 3 to select the third. Thus, there are 5-4 -3 = 60 ways of selecting the
group of 3 objects when the order in which they are selected is relevant.
Notice, however, that if we are only interested in the groups of objects,
then this method counts each group 6 times.'®> Thus, the total number of
groups that can be formed (ignoring the ordering) is % =10.

In general, there are n(n—1) - - - (n—r+1) different ways to obtain groups
of r elements from a collection of n objects, if the order in which they are
extracted is relevant. Since each group is counted r! times through this
method, when the order is not relevant there are

nn-1)--(n-r+1) n!
r! T (n=-n'r!

groups of r elements from a collection of n objects.

Definition 8. Let r < n. The combinations of r objects in n is

n| n!
rl =0t

Again, (") is the number of groups of size r than can be extracted from a
collection of n elements, when their ordering is not important; e.g., there
7) _ 76

are (2 = 37 = 21 different pairs that can be selected from a group of 7

people. Recall that 0! = 1. Then (6’) = (Z) =1.

Example 9. Five people are selected randomly from a group containing 5
men and 8 women. What is the probability that 3 women and 2 men are
chosen?

Solution. By random selection we mean that each of the (153) possible com-
binations is equally likely. There are (g) possible combinations of 2 men,
and (g) of three women. From the basic principle of counting, the proba-
bility of this selection is then

6 548765 8752 560
(%) 13-12-11-10-9-2:3-2 13-11-9 1287

Example 10. If we randomly select k elements from a collection of 7 ob-
jects, what is the probability that a given object is among the k selected?

Solution. There is one way of choosing the selected item, and (Zj) ways
of selecting k — 1 elements from the remaining objects in the collection.
From the basic principle of counting, there are 1- (Zj) different subsets
of k of the n elements that include the selected one. Since the total possi-
ble choices are (Z), the probability that a particular object is among the k

selected is .
(i) _ =Dlm-Rlk! _ k R

()~ (n=Blk-D!n! ~n’

5 For example, if the group selected is
A, B,C, then it will count as different the
cases where we extract ABC, and where we
extract CBA.
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Conditional Probability

ONE OF THE FUNDAMENTAL notions in probability theory is that of con-
ditional probabilities. Conditional probabilities are a way of measuring
uncertainty when some additional information (or evidence) is available:
it allows us to update our beliefs based on some previous observations
from the world. However, they are also useful by themselves, as one can
often simplify a problem of computing a probability by considering the
condition of a secondary event occurring or not.

To illustrate conditional probabilities, suppose that we roll a pair of
dice. The sample space of this experiment is the set containing 36 out-
comes . = {(i,j) | 1 < i,j < 6}, where (i, j) refers to the outcome where
the first die lands on i and the second on j. If each outcome is equally
likely to occur, each of them has probability 1/36.16 Suppose that we ob-
serve that the first die landed on 3. What is the probability that the sum of
the two dice is exactly 8?

Since we already know that the first die landed on 3, there are 6 possible
outcomes remaining for our experiment: (3,1), (3,2),(3,3),(3,4),(3,5), and
(3,6). In addition, as originally each of these outcomes was equally likely,
the same should hold for this restricted setting; that is, given that the first
die landed on 3, each of these outcomes now has probability (—13.17 To con-
clude, the probability of the sum being 8 is then the probability of (3,5),
which s .

Let & and & denote the event that the sum of the dice is 8, and the
event that the first die lands on 3, respectively. Then, what we have just
computed is called the conditional probability of & given &, which is de-
noted by P(& | &).

To define the general notion of conditional probability, we follow the
same intuition showcased by this example. Given that the event & holds,
in order to observe & we in fact need to observe both events simultane-
ously; that is £%. However, since & is already known, we can consider it
as the new sample space (all outcomes out of it are now impossible) and
hence the probability of observing & becomes the probability of £ % rela-
tive to that of &.

Definition 11. Let & and & be two events over the same sample space,
such that P(&) > 0. The conditional probability of & given & is

P(EZF)

PE&|F)=
P(&F)

Notice that this definition only makes sense if P(&) > 0. In fact, given
our intuition that % is an observed evidence, it is reasonable to make such
an assumption, as we do not expect to observe an event of probability 0.

Although we originally motivated conditional probabilities as a way to
update beliefs in the presence of evidence,'® Definition 11 is also consis-
tent with the frequentist view. Suppose that an experiment is repeated a
large number n of times. Since P(%) expresses the proportion of times
where & is observed, this event will occur approximately nP (&) times.
Likewise, nP(6%) times & and & will both happen. Thus, out of the ap-

16 We say that the dice are fair.

7 In fact, the (conditional) probability of
all the other 30 events is now 0, since they
cannot happen, given our evidence.

18 Following the subjective view
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proximately nP (%) experiments whose outcome isin &, nP (&%) also be-

long to &. In other words, for the experiments in &, the proportion whose

nPEF) _ PEF)
nP(¥) ~— PF)

gets tighter as the number of repetitions of the experiment increases.

outcome is also in & approximates

. This approximation

Example 12. Suppose that a box contains 4 defective (do not work), 8 par-
tially defective (work only briefly), and 20 working transistors. We choose
one of them randomly, and use it. If it does not fail immediately, what is
the probability that it is a working transistor?

Solution. Since the transistor did not fail immediately, we know that it is
not one of the 4 defective ones. So we need to compute

P(correct, defective) B P(correct)
P(defective) P(defective) '

where the last equation holds because every correct transistor is necessar-

P(correct | defective) =

ily non-defective. Since the transistor was chosen randomly,'® we have

_— 5
P(correct | defective) = 2= = = 20 A
Example 13. You toss a coin twice, and on each throw you bet 5€ that it
will fall on ‘heads.” Knowing that you won at least one of the bets, what is
the probability that you won 10€? (Assume that the coin is fair).

Solution. The sample space for the two coin tosses can be represented as
& =1{(h,h), (1), ), 0% Youwin 10€ if both tosses land on heads;
call this event &. If & denotes the event that at least one toss is heads, then
the desired probability is

p@| g PEF __ PUGmY a1 .
P(F) ~ P h),(h,0), (6, k)~ 3/4 3

The equation for conditional probabilities from Definition 11 can be
rewritten as P(8%) = P(& | &) P(F).22 This variation is helpful for com-
puting probabilities of intersections of events, if the conditional probabil-
ities are known.

Example 14. Your favourite football team has a 20% chance of reaching
the final game, and if it does, then it has a 50% chance of winning. What is
the probability of the team becoming the champion?

Solution. Let & be the event that the team reaches the final game, and &
the event that it wins it. Then the probability of it being the champion is
PEF)=PE&|F)P(F)=05-0.2=0.1. A

Bayes’ Formula

FOR ANY TWO EVENTS & and &, & can be equivalently expressed as a
union 8F UEZ (see Figure 3). Indeed, any outcome in & must either be
in & orin ?, and hence also in the intersection of those events with &.
Since £F and &F are mutually exclusive, Axiom 3 entails that

P(E)= P(§F)+ P(EF) = P(& | F)P(F) + P(EF)P(F). (1

YEach transistor is equally likely to be
chosen.

2 Notice that the same probability can be
computed through counting: since the
transistor is not defective, the problem re-
duces to computing the probability that a
transistor, chosen at random from a box
with 20 correct and 8 partially defective

transistors, is correct. This is, of course,
20
28"

2l Where (h, t) represents that the first toss
was heads, and the second tails.

21In fact, to avoid the need to require
P(&) > 0, conditional probabilities are of-
ten defined just using this variant.

(6

Figure3: £ = EF UEZ.
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This means that the probability of & is a weighted sum of the conditional
probabilities over any other event .% and its complement .%, where the
weights are given by the relative probabilities of the conditioning events
to happen. This is very useful, because it allows to find probabilities by
first conditioning relative to another event happening or not. There are
many instances where this approach allows us to compute probabilities
that would, otherwise, be impossible.

Example 15. There exist two kinds of people: cautious, and risk-takers.
Within a one-year period, cautious people have an accident with proba-
bility of 0.2, while for risk-takers this probability is 0.4. If 30% of the pop-
ulation is risk-taker, what is the probability that a randomly chosen indi-
vidual has an accident in this one-year period?

Solution. We condition over the chosen individual being a risk-taker or
not. Let & be the event that the individual has an accident in the one-year
period, and & the event that they are risk-takers.?3 Then,

P(&) =P(E&| F)P(F)+PE|F)P(F)=04-03+0.2-0.7=026 A

THE FORMULA IN EQUATION (1) is useful not only for computing prob-
abilities of events by themselves, but also to update initial probability as-
sessments in the presence of additional or new information. We show how
this works with an example.

Example 16. Consider again Example 15, and suppose that the randomly
chosen individual has an accident. What is the probability that they are a
risk-taker?®

Solution. Remember that, originally (lacking any further evidence) the in-
dividual has a 30% probability of being a risk-taker (P(%) = 0.3). However,
given the new information that they had an accident, we can re-evaluate
this probability as follows:

P(EF) PE|IF)P(F) 03-04 6

= = = — ~0.4615. A
P(&) P(&) 0.26 13

P(F|8)=

THIS SAME FORMULA%*

can be generalised by allowing for a more fine-
grained partition of the sample space as follows. Let %1,..., %, be a parti-
tion of the sample space .#.?° In terms of events, this means that exactly
one of these %;s must occur and, as before, & = U?:l &F;. Since these

events are mutually exclusive, we get

n
P@&) =) PEF)=) P@E|F)PF). @)
i=1 i=1

n
That is, P(&) can be computed by first conditioning over a partition of the
sample space, and computing a weighted average of the results, where the
weight corresponds to the probability of each of the events ;. Notice that
the original formula is just a special case of this: ¢ and ¢ form a partition.
Suppose that we know that & happened, and we are interested in know-
ing which of the events in the partition was observed. Using equation (2)

3 Z means that they are cautious.

°Make the example of the medical test that
seems very precise, but is not.

24 In equation (1)

B F1,...,Fy is a partition of the space .
if they are mutually exclusive events and
UL, Zi=<.
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we get

P&F)  PEIF)PF)
P& X' PE|F)PF)’

P(F;18) = 3)
This equation is known as Bayes’ formula.?® If we think of the events & I
as possible hypotheses about some subject of study, Bayes’ formula can
be interpreted as showing how opinions held about these hypotheses (i.e.,
P(Z})) should change on basis of the evidence of the experiment.?’
Example 17. Consider a bug in a program, which may be in any of three
different pieces of code with equal probability. For each of the three pieces
i, let 1 — a; be the probability of finding the bug when searching in that
piece given that it is, in fact, there.?® If we search in the first piece, and we
do not find any bug, what is the probability that the bug is in each of the
three pieces i € {1,2,3}?

Solution. Let %;,1 < i < 3 be the event that the bug is in the i-th piece of
code, and & the event that the search in the first piece was unsuccessful.
Then we have:

PE|FVPF)  _ a; - (1/3) __@
Y3 PEIFNP(F) ar-(1/3)+1-(1/3)+1-(1/3) ar+2’

P& |6) =

andfor j,2<i<3,

_ PEIFPPF) 1-(1/3) 1
Y PEIFNPF) a1 +1-(1/3)+1-(1/3)  ay+2

P(F;16)

For instance, if a; = 0.4, then the conditional probability that the bug is in
the first piece, given that we did not find it there is é. A

Independent Events

AS IT CAN BE seen from the previous examples, in general the conditional
probability of an event & given % is not equal to the (unconditional) prob-
ability P(&). That is, having evidence about % generally changes the like-
lihood of observing &. In the special case where P(§ | &) = P(&), we say
that & and & are independent. In other words, & and & are independent
if knowledge about & does not change the probability of & occurring.

Recall that P(8ZF) = P(& | F)P(F). Thus, if & and & are independent
we have P(EF) = P(6)P(Z). The converse implication holds too.

Definition 18. Two events &, & are independent if P(6%) = P(§)P(F). If
& and & are not independent, they are dependent.

Example 19. A card is selected at random from a standard deck of 52
cards.?® Let & be the event of selecting an ace, and % the event of se-
lecting a red card. Then, & and & are independent because P(6%) = ﬁ,

P(&) =2, and P(F) = 2. A

Proposition 20. If& and & are independent, then so are & and F 3°

% After Thomas Bayes.

%" The former is known as the prior proba-
bility, and the latter is the posterior.

% q; is the overlook probability: how likely
it is to oversee the bug when looking in
the right place? Some bugs are difficult to
catch.

# French playing cards.

30 That is, if & and & are independent, the
likelihood of & is unchanged by informa-
tion about &, whether it holds or not.
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Proof. Assume that & and & are independent. Then we have
P(&)=P(EF)+P(EF)=P@E)P(F)+PEZF),
where the last equality follows from the independence of & and . Then
P(EF)=P(E)(1-P(F)) = PEP(F). O

We know then that independence is symmetric and closed under com-
plementation. However, surprisingly, it is not closed under intersections.
Thatis, if & isindependent of & and of ¢, it is not necessarily the case that
& and &% are independent.

Example 21. You throw two fair dice. Let & be the event that the sum of
the two dice is 7, & the event that the first die is 1, and ¢ the event that
the second die is 6. It can be shown that & is independent of both & and
4. But, obviously, & is not independent of #%; in fact, P(§ | ¥¥9) = 1.

This example shows that defining independence between more than
two events is more complex than merely checking that all pairs of events
are independent between them. We get the following definition.

Definition 22. Three events &, %, and ¢ are independent if:3!

P(EF4) = P(E)P(F)P(9),
P(&F)=PE)P(F),
P(&¥9)=P(@&)P¥Y), and
P(F%)=P(F)P(¥Y).

If &, &, and ¢ are independent, then & will necessarily be indepen-
dent of any event formed by combinations of & and ¢. For example, & is
independent of & U because

PEEFUY)=PEFUEY)=PEF)+P(EY)-PEFY)
=P(E)P(F)+P(E)P(Y) - P(E)P(F)P(Y)
=PE)(P(F)+P(¥)-P(FY)=PE)P(FUY).

Definition 22 is generalized to more than three events in the obvious
way. The events &1,...,6), are independent iff for every subset &1,..., %,
m < n of these events, it holds that P(% --- %,;,) = P(%1) - P(F ).

Considering many different independent events becomes important
when we deal with a sequence of repetitions of an experiment. For ex-
ample, if an experiment consists in rolling a die several times, we may see
each roll of the die as a subexperiment, and it makes sense to assume that
the outcomes of previous (or future) rolls have no effect on the outcome
of the current roll.

Example 23. Consider the parallel system in Figure 4, which works if at
least one of the n components work. Each each component i, indepen-
dently of all others, works with probability p;,1 < i < n, what is the proba-
bility that the system functions?

3! Informally, this can be understood as ev-
ery subset of events being mutually inde-
pendent.

Figure 4: A parallel system with current
flowing from s to £.

A A\
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Solution. Let & be the event that the system functions, and %;,1<i<n
be the event that the component i functions. Then P(&) is exactly the
probability that all components fail; that is

P(&)=1-P@) =1-P(F ---F,) =1-[] P&,

i=1

where the last equality arises from the independence of the events.3? % The last expression can be rewritten to
use the probabilities of the events, and not

their complements, if needed.



Random Variables

USUALLY, WHEN RUNNING experiments, we are only interested in some
numerical values determined by the results. For example, after rolling two
dice, we may be interested in their sum, but not on the specific individ-
ual die-values that led to that sum.33 These quantities of interested are
known as random variables.3* Since the values of random variables are
determined by the outcome of an experiment, they are associated with a
probability degree.

Consider for example the random variable & given by the sum of two
fair dice. & can take only values between 2 and 12, and the probability of
each of these values is’

1
P& =2)=P{HQ1, D} =—

36 )
P& =3])=P01(1,2),(2,1)}) = 6
P& =4) =P{(1,3),(2,2),3, D} = ;_6
P& =5])=P({(1,4),2,3),3,2),4 D} = %
P& =6]) =P({(1,5),2,4),3,3),(4,2),5 1} = %
P& =7)=P{({1,6),(2,5),(3,4),4,3),5,2),6,D}) = s

36

5
P& =8]) =P({(2,6),3,5),(4,4),(5,3),(6,2)}) = 36

4
P(Z =91 =P{(3,6),(4,5),5,4),6,3} = 36

3
P((Z =10]) = P({4,6),(5,5),(6,4)}) = 36

2
P(IZ =11]) = P({(5,6),(6,5)}) = 36

1
P2 =12)) = P{(6,6)) = 7.

Since & must take some value, the sum of all these probabilities must be
1. This fact can be easily verified from this distribution.

Another random variable % of interest can be the value of the first die.
In this case, % is equally likely to take any of the values from 1 to 6.°

These examples presented random variables taking finitely many dif-
ferent values. Random variables whose values can be described as a (finite
or infinite) sequence xi, x», ... are called discrete. There are also random
variables that can take a continuum of possible values; these are called
continuous. For example, the weight of a person can take any value in

3 1f the sum is 7, we do not care which of
the possible 6 ways to get this sum was ac-
tually observed.

3 This is a bad choice of name, as they are
not random, nor variables.

°Present only a few of these, and explain
how they are obtained.

°Potential example to introduce indicator
variables?
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some interval (a, b).3°

Definition 24. The cumulative distribution function (often called simply
distribution function) of arandom variable & is the function F defined for
every real number x by:36

F(x):=P[% <x].
The notation & ~ F expresses that F is the distribution function of Z'.

All probability questions about & can be answered in terms of its distri-
bution function F. For example, to compute Pla < & < b], we use the fact
that [% < b] can be decomposed into the two mutually exclusive events
[ <a]land [a < X < b]. Hence, P < bl =P <al+[a<X < Db].
From this, we can deduce

Pla< % < bl = F(b) - F(a).

Example 25. Consider the continuous random variable & with the distri-
bution function
x=<0
F(x)=
l1-exp(-x?) x>0
The probability that & is greater than 1 is

P >11=1-P[Z <1]=1-F1)=e"' =0.368. A

Types of Random Variables

IF A RANDOM VARIABLE (RV) & is discrete, then we can define its proba-
bility mass function as p(x) := P[Z = x]. Since the variable is discrete, and
Z must take one value, we know that p(x) is positive for at most countably
many elements,®” and that Y2 p(x;) = 1.

Example 26. Consider a RV & that can take values from {1,2,3}. If we
know that p(2) = § and p(3) = §, then we can deduce that
1
6 2
This function is shown in Figure 5. A

1 1
p)=1-p@)-pB)=1-2-2=

The cumulative distribution function F can be computed in these cases
from p by adding all the relevant values: F(x) =} ,<, p(y). Whenever & is
a discrete RV whose possible values are x; < x» < ..., the distribution func-
tion F is a step function: it remains constant for the interval [x;_1, x;), and
then makes a jump of size p(x;) at x;. For instance, if & has the probabil-
ity mass function given in Example 26, then the cumulative distribution
function of &' is

0 x<1

3 l=sx<2
F(x) =

> 2=x<3

1 3=<x,

as depicted in Figure 6.

% There are also mixed random variables,
but we will not consider them much dur-
ing this lecture.

% For this course, we consider only ran-
dom variables taking real numbers as val-
ues.

37 At most those that can be taken by &'.

p(x)

ol

Figure 5: Probability mass function from
Example 26.

: s

@l

ol

1 2 3 4

Figure 6: Cumulative distribution function
from the RV of Example 26.



WE OFTEN NEED TO consider random variables that can take all the pos-
sible values from a (real) interval.

Definition 27. The RV % is continuous if there exists a non-negative func-
tion f defined over all real numbers x € R such that for any set B < R

P[¥ € B] :f fx)dx.
B

This function f is called the probability density function of X .

Essentially, to compute the probability of an event defined by a set of
values B, we find the integral of the probability density function, which is
the intuitive generalization of the mass function for continuous variables.
Since & must take some value in (—o0,00), f(x) must satisfy

1=P[Z € (—00,00)] =f fdx.

All probability statements can be answered integrating over f(x); for in-
stance, if B = [a, b], then Pla< % < b] = f:f(x)dx. In particular, if a = b
then we have P[Z = al = [ f(x)dx = 0.38 As an example, Figure 7 shows
the probability density function

e x=0
flx) =
0 x<0,

and the area that represents Pla < ¥ < b].

fx

Pla<% < b]

The probability density function f and the cumulative distribution F
are related by the expression

F(a)=P[% < a] :f f)dx,

or equivalently, %F (x) = f(x). In other words, the density is the derivate
of the cumulative distribution.

If the probability density function is continuous, then taking a small &
yields, from Definition 27,

£ € a+%
P[a——s%szH—]:f fdx=ef(a).
2 2 a-%

RANDOM VARIABLES 19

BIf & is continuous, then the probability
of observing any specific value is always 0.

Figure 7: A probability density function,
and the area representing Pla < & < b].
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In other words, f tells us how likely it is to see a value that is close enough
to a.

Example 28. Consider the continuous random variable & with the prob-
ability density function

c(4x—-2x%) 0<x<2
fx)=

otherwise,
for some constant c.
1. What is the value of ¢?
2. Compute P[¥ >1].

Solution. Since f is a density function, it must hold that

2

’

[e’s) 2 2X3
1 =f f(x)dx:f c(4x—2x2)dx= c(2x2——)
—00 0 3 0

and hence ¢ = %.

From this, we can conclude that

o0 2
P[%>11:f f(x)dx=§f x—2:0)dx= L. A
1 81 2

Joint Distributions

WHEN DEALING WITH EXPERIMENTS, we are often interested in the re-
lationship between two or more random variables, rather than merely ob-
serving one. For example, for health policies, we may be interested in the
relationship between hours spent sitting down and the incidence of back
pain, or want to understand the relationship between working hours and
productivity of employees.

To consider two random variables & and % simultaneously, we need
a joint cumulative probability distribution function F that specifies the
probability of & and % to be below a given value; that is,

F(x,y)=PlZ =x,% <y].

Knowing the joint probability distribution allows us to find the probabil-
ities of different statements concerning with the variables & and %. For
example, the distribution function Fg- of & is obtained by not imposing
any limit on the values of %; that is,

Fo(x) = P[¥ < x] =P[¥ = x,% < o0] = F(x,00).

Similarly, the cumulative distribution function of % is Fz (y) = F(oo, y).3

For discrete random variables & and % taking values xj, x,..., and
Y1, ¥2,..., respectively, the joint probability mass function p of & and &
is defined in the obvious way: p(x,y) = P[Z = x,% = y].

The individual probability mass functions of each of the variables can
be easily obtained by eliminating the variable that is not of interest. E.g.,

3 Formally, these would in fact be limits
(i.e., Fgr(x) = limy—oo F(x,y), but this in-
tuition serves to our purposes.



since % must take some value y;, the event [ = x] is equivalent to the
union of the mutually exclusive events [% = x,% = y;]. Using Axiom 3 of
probabilities, we have

”%=ﬂ=%U&E%@=wq=ZN%=%@=M=ZPWWl
] J ]
Analogously, P[% =yl =¥; p(xi, ).

This says that the joint probability mass function fully determines the
individual probability mass functions for each of the random variables
involved. However, the converse does not hold: knowing P[%¥ = x] and
P[% = y] is not sufficient for deriving P[¥ = x,% = y].

Example 29. Consider a box of batteries, where 2 are new, 3 are partially
charged, and 4 are completely empty. We randomly select 3 batteries from
this box. Let & and % denote the number of new, and the number of par-
tially charged batteries selected, respectively. The joint probability mass
function p(x,y) = P[¥ =x,% =yl of X and ¥ is:

. 3 (4
4 18
p(0,0) = (%) =— p©,1) = (1)9(2) 18
(;) 84 ;5 84
GO _12 ¢ 1
p(0,2) = (g) ! p(0,3) = @ =1
(4 2 (3) (4
pa,0 = W _ 12 - DO 20
(3 84 Q) &
2y (3 o 4
p1,2) = (1)9(2) _ 6 p2,0) = (2)9(1) _ 4
(5 8 6 s
Q6 _s
p2,1) = @) =1
A simpler way to express all these probabilities is shown in Table 1. A

Notice that the probability mass function of & is obtained by summing
the elements in a row, while the mass function of % appears from sum-
ming through the columns. These probabilities are often known as the
marginal probability mass functions of & and %, respectively.*? To check
the correctness of such a probability table, one should check that the sum
of the marginal row and of the marginal column is 1.

Example 30. ° Consider a community where 15 percent of the families
have no children, 20 percent have 1, 35 percent have 2, and 30 percent
have 3. Suppose that each child is equally likely to be a boy or a girl. From
a randomly chosen family, let & be the random variable measuring the
number of boys, and % the number of girls. The joint probability mass
function is shown in Table 2. The cells in the first row are computed next.

P(Z =0,% =0] = P[no children] =0.15
PIZ =0,% = 1] = P[1 child that is girl]

= P[1 child] P[1 girl | 1 child] =0.2-0.5=0.1
P[¥ =0,% =2] = P[2 children that are girls]

RANDOM VARIABLES 21

Axioms of probability:
1. 0=sP(@) =<1
2. PN)=1

3. P(UL,8) =11 P& if & are mu-
tually exclusive.

Table 1: The joint mass function p(x,y)
from Example 29. The denominator 84 in
the values is not included.

N o 1 2 3 ‘ Sum
0 4 18 12 1] 35
1 12 24 6 0| 42
2 4 3 0 o 7

Sum | 20 45 18 1 |

0 To remember this name, think that they
appear in the margin of the joint probabil-
ity table.

°This example may be skipped.
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. J 0 1 2 3 Sum
i
0 0.1500 0.1000 0.0875 0.0375 | 0.3750
1 0.1000 0.1750 0.1125 0 0.3875
2 0.0875 0.1125 0 0 0.2000
3 0.0375 0 0 0 0.0375

Sum | 0.3750 0.3875 0.2000 0.0375

= P[2 children] P[2 girls | 2 children] = 0.35- (0.5)220.0875
P[¥ =0,% =3] = P[3 children] P[3 girls | 3 children] = 0.3 - 0.5)3 =0.0375.

From Table 2 it can be seen that, for example, the probability of having at
least one girl is 0.625.4! A

Definition 31. The RVs & and % are jointly continuous if there exists a
function f(x, y) defined for all x, y € R such that for every set C < R x R*?

P[(%,@)eC]:ff fx,y)dxdy.
(x,y)eC

The function f(x, y) is called the joint probability density function of &
and %.

If A, B < R are two sets of real numbers, then it follows from this defini-
tion that

P[%(—:A,@EB]:[ f fx,y)dxdy.
BJA

From F(a,b) = PI¥ < a,% < b] = f_boo I fx, ydxdy, it follows (via dif-
ferentiation) that whenever the partial derivatives are defined,

2
0adb

As in the case of single random variables, f(a, b) is a measure of how likely

fla,b) =

F(a,b).

itis for the random vector (Z',%) be appear near (a, b); but the probability
of being exactly (a, b) remains 0.

Notice that if Z and & are jointly continuous, then each of them is
continuous individually. Moreover, the probability density function of &
is far (%) := [, f(x,y)dy. Hence,

P e Al=PX €A% cR] :ff f(x,y)dydxzf far(x)dx.
Ad—-oco A

Example 32. Consider the joint density function for & and %

2e e g, y>0
[y = )
0 otherwise.

Compute P[Z > 1,% < 1], P[Z < %], and P[Z < a].*3

Solution.

1 poo
Pl >1,%<1]= f / 2e_xe_2ydxdy
o J1

1 1
:f 2e‘2y(—e‘x|<f°)dy=e‘1f 2e Y dy
0 0

Table 2: The joint mass p(x, y) from Exam-
ple 30.

*I Notice that the table is symmetric, and
so the probability of having at least one
boy is exactly the same in this case.

“That is, for every set in the two-
dimensional plane.

5 Recall that [ eX*dx = (1/k)ek* + c.



= e_l(—e_2y|(1)) =el(l-e?)

o ry
P <% = ff Zefxefzydxdy:f f 2e e Pdxdy
(x,y)lx<y 0 Jo
o0 o0 o0
:f Ze_zy(l—e_y)dy:f Ze_zydy—f 2e73dy
0 0 0

=1-

Wil
W =

a o0 a
Pl¥ <al = f f 2e Ye Ydydx :f e tdx=1-¢e* A
o Jo 0

Independent Random Variables

THE RANDOM VARIABLES & and & are independent if for any two sets
A,B < Rit holds that P[¥ € A, % € Bl = P[¥ € A|P[% € B]. That is, they
are independent if for all possible sets A, B, the events &4 = [Z € A] and
Zp = |% € B] are independent. This definition of independence is equiv-
alent to requiring that for all @, b e R

Pl <a,% <b)=P[% < a]lP|% <b],

or, alternatively, that F(a, b) = Fy (a) Fy (b). 44

If Z and % are discrete, independence is equivalent to requiring, for all
x,y € Rthat p(x,y) = pa (x) pay (¥), where pg and pg are the probability
mass functions. In the continuous case, it refers to f(x, y) = far (x) far (3).%°

Example 33. Let & and & be two independent random variables, each
having the density function

e x>0
fx)=

0 otherwise.
Find the density function of Z /¥

Solution. We first compute the distribution function Fo ;o of ' /% . Given
a>0,

Fo1oy(a) = PIZ ¥ < al =// f,ydxdy
xly=a

oo pay
= ff e_xe_ydxdy:f f e *eYdxdy
xly<a 0 0

oo . e (@ryy [
= l-eNeVdy= (—e‘y+—)
fo ( ) Y a+1

1

0 a+1‘

Differentiating this function over the variable a, we obtain the density
function fo /e (a) = 1/(a+ 1)2, for 0 < a < co. A

WE CAN GENERALIZE the notion of joint probability distributions from 2
to n random variables, defining the analogous notion of the joint cumula-
tive probability distribution F, the joint probability mass function p if they
are discrete, the joint probability density function f if they are continuous,
and independence if every finite subcollection of random variables is in-
dependent.
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* To prove this, notice that one direction
corresponds directly to the definition. The
other direction follows from the axioms of
probability, with caveats of which sets are
allowed.

4 As for events, random variables that are
not independent are called dependent.
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Example 34. Consider a stock, whose price changes every day indepen-
dently with the probability mass function p(x) of the stock changing by x
defined as

0.05 x€{-3,3}

0.10 xe{-2,2}
0.15 xe{-1,1}
0.40 x=0.

px) =

If &; denotes the change in day i, then the probability that it increases in
the next days by 1, 2, and 0 is

P =1,%=2,%=0=p1)p2)p0) =0.15-0.1-0.4=0.006. A

Expectation

A FUNDAMENTAL NOTION IN probability theory is the expectation of a
random variable. If the random variable & is discrete and takes values
X1, X2,..., then the expectation or expected value of X is

EZ]:=) xiPIZ = x;]1=)_xip(x;).
i i

Thatis, E[Z] is the weighted average of the values of &', where the weights
are given by their probability of occurrence. For example, if the probability
mass function of Z is such that p(0) = 1 = p(1), then E[%] =03 +13 = 1,6
but if p(0) = % and p(1) = %, then E[Z] = 0% + 1% = % This follows from
the fact that the value 1 is twice as likely to appear as the value 0.

An intuitive motivation for the notion of expectation arises from the fre-
quentist view. If an experiment is repeated independently, then the pro-
portion of times we observe a given event & is P(&). Consider a random
variable & taking values x1, Xy, ..., which represents the winnings of one
execution of a bet, and let p be its mass function.*” Suppose that we re-
peat the bet n times, for n sufficiently large. Then, in approximately np(x;)
of those times, we win x; units. Since this is true for all i, overall we win
Y ; xi - np(x;). Thus, in average, on each bet, we will win

¥ PO s ) = EL2),
i n i
Example 35. If ¥ is the outcome of rolling a fair die, then p(i) = 1/6 for
alli,1 < i <6. Hence, we get

s s )22 o

Notice from this example that the expectation of & might be a value
that can never occur in &. The expected value is thus not what we will
likely observe, but rather the average of the results over a long run of rep-
etitions of the experiment.*8

The indicator variable for an event & is a random variable that takes
value 1 if & occurs, and 0 otherwise. If & is the indicator variable of &, then
E[Z] =1P(&) + 0P(&) = P(&). That is, the expected value of an indicator
variable is exactly the probability of the event it indicates.

6 The usual average of the values of &'.

7 That is, with probability p(x;), we win x;
units.

8 1f we roll a die many times, the average
of the results will converge to 3.5.
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ONE CAN ALSO DEFINE the expectation for continuous random variables.
Similarly to the discrete case, for a continuous random varable & with
probability density function f, we have

E&X]:= foo xf(x)dx.

Example 36. Your IKEA order will arrive at some point after 17:00. You
know by experience that the number of hours & that you have to wait for
the arrival is a random variable with the probability density function

3 0<x<2
fx)=
0 otherwise.

The expected amount of time that you will wait is then
2
E@ﬂzjmfdsz
0o 2

That is, on average, you have to wait one hour. A

The notion of expectation can be intuitively understood as that of the
center of gravity. Suppose, for a discrete random variable &, that the
probability mass distribution is interpreted literally, with a physical ob-
ject with mass proportional to p(x;) located at each point x;. Then, E[Z]

is the point where such a structure would balance. See Figure 8. It is also ()
[ ] GED G

aG» a» o
_GED GED GED G

units of measurement as &'. -1 0 1 2

important to notice that for every random variable &, E[Z] has the same

Figure 8: Expected value as the center of

Properties of Expectation gravity.

CONSIDER A GIVEN RANDOM variable & with its probability distribution.
Often, we are not interested in E[Z], but rather on a function of Z&’; say
g(%). Notice that g(&) is itself a random variable, and hence has a prob-
ability distribution that must depend on the distribution of &'. If we can
compute this distribution, then E[g(%')] can be readily obtained from it.

Example 37. Let & be the random variable with probability mass func-
tion p(0) = 0.3, p(1) = 0.5, and p(2) = 0.2. Compute E[22).

Solution. If % = &2, then % can take the values 0 = 02,1 = 12 and 4 = 22
with probabilities 0.3,0.5, and 0.2, respectively. Then

ElZ? =E[®%]=0-03+1-0.5+4-0.2=1.3. A

Example 38. The time that it takes to correct a bug in a piece of software
is a random variable & with density function

1 0<x<l1
fx) =

0 otherwise.

If the cost of keeping a bug for time x is x%, what is the expected cost of
such a bug?
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Solution. Let % = &3 be the random variable for the cost. The distribution
Fg of % is given, for every 0 < a < 1 by

1/3

Fy(a)=P|¥ <al = P[Z°% < a]l = PIZ < a'?) =f ldx=a®.
0

Through differentiation, we get the density fy (a) = $a™* for0<a<1.
Hence,

(e}

E[Z3 =E|¥] =f afwy(a)da

1 1 1 1
=f a—a‘2/3da=—/ a'®da
o 3 3Jo

13
= -2 @B =174 A
34

As we can see, this approach always allows us to compute the expected
value of any function of &, if we know the distribution of &'. However, the
process is far from obvious. An easy way to do compute this expectation
is based on the following intuition: since g(%’) takes the value g(x) when-

ever = x, E[g(%)] should be the weighted average of the values of g(x)

with the weights given by p(x) for each possible value x.%°

Proposition 39 (Expectation of Functions). Let & be a random variable,
and g any real-valued function. Then:

1. if% is discrete with probability mass function p(x), then

E[g@)]=)_gx)p);
X

2. if% is continuous with probability density function f(x), then
(e o)
E[g(X)] =f gx)px)dx.
—00

Corollary 40. For any two constants a,b e R, E[a% + b] = aE[X ]+ b.

Proof. We show here the discrete case.’”

ElaZ +b] =) (ax+b)p(x)=a)_ xpx)+b) px)=aE[X]1+b O
X X X

Notice in particular that E[b] = b and E[a%] = aE[Z].

The expected value of & is also known as the mean or the first mo-
ment of Z. In general, the n-th moment of &, for any n € N, is defined as
E[Z™], which we know how to compute by Proposition 39.

PROPOSITION 39 CAN BE EXTENDED to deal with several random vari-
ables. In the case of two random variables & and %, if g is a function over
pairs of real numbers, then

2y X8, plx,y) X% discrete

Eg,2)N=1 o o
So IS, 8, Y fx, ydxdy Z,% jointly continuous.

In particular, if g(%,%) = X + %, where &, % are jointly continuous, we
get

E[%+@/]:f f (x+y) fx,ydxdy

9 This intuition holds in general. We can
verify that the following proposition holds
for the previous two examples.

50 The continuous case is left as an exercise
to the interested student.



:f f xf(x,y)dxdy+f f yf(x,y)dxdy
=E[X]+E%], M

where (1) is a consequence of using g (¥, %) = &; that is

E[%]=E[gg(%,@/)]=f f xf(x,y)dxdy,

and similarly for go (¥, %) =%
Since sums are associative, we can simply repeat this argument to ob-
tain the general form for sums of random variables: for any n € N,

n
=) EIZ].

i=1

E

n
> Zi
i=1

Example 41. Two fair dice are rolled. Find the expected value of their sum.

Solution. If Z is the random variable representing the sum, we know that
we can compute E[Z] = Z}i | IPIZ = i]. But a simpler approach is to
consider two variables %, and %5, which represent the result of each indi-
vidual die. Then & = %, + %, and E[%] = E[#] + E[®,] =7.5!

Example 42. ° You have n different pairs of shoes, which are all mixed up
in your closet. If you pair them completely at random (selecting one left
and one right shoe), what is the expected number of correct pairs you get?

Solution. If & is the number of correct pairs, we can compute E[Z] via
the random variables &71,..., %, where foreach i,1<i<n,

i=

{ 1 i-thpairis correct

0 otherwise.

Then, & =Y."" | %;. Since the i-th left shoe is equally likely to be matched
with any of the 7 right shoes, it follows that P[%; = 1] = 1/1,°? and hence
E[%;] = 1/n. From this, we obtain E[Z] =Y | EIZil=n(1/n)=1> A

AN IMPORTANT PROPERTY of the mean arises when trying to predict the
value of a random variable & . If we predict that & will take the value ¢
(for example, when placing a bet), then the square of the prediction error
is (% - ¢)?. Let 1= E[Z]; then,

E(%X - 0?1 =E(X —p+p—-0*1=E[(% - w*+2(% - (u—c) + (u—c)*]
=E(Z - w* +2(u-2)E[Z —ul + (u—c)?
= E[(% — w?] + (u—c)? (t)
= E(% - w?],

where (1) follows from E[Z — u] = E[Z]1—u = 0. Thus, the average squared
error is minimised when we predict that & is equal to its mean p.%*

Variance
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5! See Example 35.

°This example may be skipped.

Indicator variables.

%2 Probability of the i-th left shoe matching
its right one.

3 This means that regardless of how many
pairs we start with, in average only one
pair will be correct.

% The best predictor of a random vari-
able, in terms of minimizing the expected
square of its error, is just the mean.
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THE EXPECTED VALUE OF arandom variable & provides the weighted av-
erage of the values it may take, but this information does not tell us much
about the distribution of the values; e.g., how far apart are the values from
each other.”® For example, the random variables & and % with pg-(0) =1
and pg (—100) = pgy (100) = 0.5, respectively, have both the same expecta-
tion; namely 0. However, the values of % are much more separated be-
tween themselves than those of &', which is a constant.

In order to measure the variation of the values of &, we can try to see
how far is & from its mean p in average; that is, E[|Z — u|]l. However,
dealing with absolute values is often problematic mathematically.’® For
that reason we consider the expected squared difference between them.

Definition 43. If & is arandom variable with E[Z'] = y, then the variance
of ¥ is Var(%X) := E[(Z — w)?].

Notice that
Var(%) = E(% - w)?) = EI%? - 2u% + u?] = E(%?) - 2uE(Z) + u?
= E[2%] - 1 = E12°] - (E[Z )%
This is often a simpler way to compute the variance.

Example 44. Let & represent the outcome of rolling a fair die. We know
that P[% =i]=1/6for1<i<6. Then,”°

ElZ? =

|-

8 2 1 2 2 2 2 2 2 91
Y i =—(17+2°+3°+4°+5°+67) = —.
i=1 6 6

We have also seen that E[Z'] = 7/2. Thus,

O AP ) S O
Var(%) = E(Z°] - (E[Z])" = s 112 A

The variance of a linear transformation of & is also easy to compute.
Let u= E[%Z1.°" Then,

Var(a% +b) = E[(a% + b—- E[la% + b))*] = E[(a% + b - ap— b)?]
= E[(aZ - aw®] = E[a*(X - w*] = a®E(X - p)°]
=a’Var(Z).

In particular, this means that Var(b) = 0 and Var(¥ + b) = Var(%) for
any constant b.>® That is, constants have variance 0, and shifting the val-
ues of Z by a constant does not affect its variance. However, scaling & by
a constant scales quadratically the variance; i.e. Var(a%) = aVar(X).

The value /Var (%), called the standard deviation of &, has the same
units as the mean.

Covariance

WE HAVE SEEN THAT the mean of a sum of random variables is equal to
the sum of their means. This result does not carry out to variances in gen-
eral. In fact, we know already that

Var(X +X)=VarQX)=4Var(X) # Var(&)+ Var(X).

% The spread or variation of the values.

%6 It requires a case analysis for when & is
larger or smaller than p.

°Should we explain the variance of an in-
dicator variable? Exercise?

57 Recall that E[a% + b] = aE[%] + b.

%8 By setting a = 0 and a = 1, respectively.



However, if two random variables are independent, then the variance of
their sum corresponds to the sum of their variances. We will show this
using the covariance.

Definition 45. Let & and % be two random variables, and pg = E[Z],
Uay = E[%]. The covariance of Z and % is

Cov(¥,%)=E(X — pua) (¥ — uw)]
Expanding this definition, we obtain

Cov(¥,Y)=EXY —ux? — uay & + o il
=EX Y| - ug EI¥] — uy E(X] + pa oy
=EXY| - pa by — Moy P + P hoy = EIX Y| - E(X)E[¥].
Notice that the covariance is symmetric, and Cov(¥,%) = Var(%). In

addition, for any constant a, Cov(a%,%) = aCov(¥,%).° The covariance
is also additive.

Proposition 46. Cov(X) + X2, %) = Cov(X1,%) + Cov(X»,%).
Proof.
COU(%l +3€2,@) = E[(%l +3E2)@] —E[%l +%2]E[@]
= E[O% ]+ E[Z%] - (E[Z1] + EIZL)DE(Y]

=E[XY] - E[ZA]E¥] + E[Z>%] - E[Z,]E|Y]
=Cov(Z1, %)+ Cov(Z,,%). O

This can be easily generalized to arbitrary sums and, using the symme-
try of the covariance, we obtain the following theorem.

Theorem 47. Cov(¥_, %, ;-n:l@j)= " ;-n:lcov(f%i’@j)-

We can now compute the variance of the sum of random variables as:>°

.

Z Ol/(%i,%j) + COU(.%},%,‘)]
j#i

r f%,.)_

|
S
"™
K
ﬁM:

I}

T ™=
ng
S
E
é’?

™= i M:

I

—_
.
\N\

Z Cov(Z;, Z)) + Z Cov(%Z;, %))
i=1

Il

~.
I

—

.
“H\

Z Cov(%;, X)) + Z Var(Z;).
i=1

If n = 2, then this means that

Var( X +%)=Var(X)+Var@)+ Cov(¥,%)+ Cov(¥, %)
=Var(&)+Var(@)+2Cov(%,%).

Then we get to the result that we have hinted before.

RANDOM VARIABLES

°Exercise!

5 Recall that Cov(Z, %) =

Var(%).

29
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Theorem 48. If% and ¥ are independent, then Cov(Z,%) =0.50

Proof. 1t suffices to show that E[Z' %] = E[¥1E[%]. We show it for the
discrete case only.5!

EIX¥]=) ) xiyjPIZ =x;,% =yj]
73

=YY xiy;PI% = x;]P|¥ =y;] )
Jjoi

=) ViPI¥ = yj1)_xiPI% = xi] = EIZ1E|¥],
j i

where (1) follows by independence. O

In particular, if &7, ..., %}, are independent, then

n n
Var(}_ %) =) Var(.
i=1 i=1
Example 49. Compute the variance of the sum of 10 independent rolls of
a fair die.

Solution. If Z; denotes the i-th roll, we get

10 10 35 175
Var()_ Z) =) Var(Z;) =10(—) = —. A
i=1 i=1 12 6

Intuitively, the covariance describes the relationship between two vari-
ables. Consider for example the indicator variables &', % for the events &
and &, respectively. It follows that

Cov ¥, ¥)=EX¥|-EXE¥]=P¥=1,%=1]-PZ =1]P[¥ =1].

Then, Cov(%,%) >0 if and only if P[¥ =1,% = 1] > P[Z = 1]P[¥ =1]
or, equivalently, P(%¥ =1|% =1) > P[% = 1]. In words, the covariance
tells us whether it is more or less likely to observe [% = 1] when we know
that & = 1.5

In general, a positive covariance between two RVs expresses that both
variables grow together,®> while a negative covariance says that one de-
creases while the other increases. The strength of the relationship between
the two variables is indicated by their correlation, defined as

% Notice that this is not an equivalence:
two variables may have covariance 0, and
still not be independent.

51 All other cases are analogous.

2 And by symmetry, also the dual.

% That is, % grows as & grows.

Cov(¥,%
Corr(%,%) = ovt ) .
vVar(&)Var(¥)
This dimensionless value is always between -1 and 1.° °Exercise!
ifw 1 ol o 1 o[ © i @ i

Figure 9: Random variables & and % with
correlations (a) 0.75; (b) 0.2; (c) 0; and
(d) -0.75.
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Moment Generating Functions

EVERY RANDOM VARIABLE & has a moment generating function (mgf)
defined for every r € N as

Y.epx) if X isdiscrete

Jre™f(x)dx if Z is continuous

¢(1) := E[e"*] ={

This function is called moment generating because all the moments of &
can be obtained by differentiating it and evaluating at zero.%* For example, % The n-th moment of & is E[Z"].
d d
rey - @ x| _p| & x| _ (X
¢/(0)= —E|e"”] E[dte ] Elze®].

Hence, ¢'(0) = E[Z]. Similarly, ¢" (1) = E[Z%e'* | and so ¢ (0) = E[Z?].
In general, the n-th moment of & is the n-th derivative of ¢ evaluated at
t=0.

An important property is that the mgf of the sum of independent ran-

dom variables is the product of their individual moment generating func-
tions. For two random variables, the mgf of & + ¥ is

o0 = B[o/ 9| < B[ 19|

= B[e] B[] = g (0w (1), )

where (1) follows because & and %, and hence also e'Z and e'? are in-
dependent.GS %1In the proof of Theorem 48, we have

shown that if two random variables are in-

Interestingly, mgfs uniquely determine the distribution of random vari-
dependent, then E[X % | = E[X]E[¥].

ables; that is, there is a one-to-one correspondence between distributions
and their moment generating function.

The Weak Law of Large Numbers

WE NOW PROVE two important results.

Theorem 50 (Markov’s Inequality). Let & be a random variable that takes
only non-negative values. Then, for every a >0

E|X]
o

P¥ =a]l<

Proof. We prove it for a continuous variable with density f.

(e 9) a o0
E[%]z[ xf(x)dxzf xf(x)dx+f xf(x)dx
0 0

a

zf xf(x)dxzf af(x)dxzaf f)dx=aP[¥ zal. O
a

a a

Corollary 51 (Chebyshev’s Inequality). If & is a random variable with
mean y and variance o2, then for every k > 0 we have

2
o
Pl —ul=zkl< T
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Proof. Notice that (2 — p)? is a non-negative random variable. So we can
apply Markov’s inequality, with a = k? to get

El(Z - w?]

P -p* = k'] = ——

Since (% — mu)? = k2 holds if and only if |Z — u| = k, this implies

El(& -w?* _o*
PIZ —plz ks ——F— =T 0
The Markov and Chevishev inequalities allow bounding probabilities
even if the general distribution of & is unknown, as long as the mean, and

potentially the variance, is known.%6

Example 52. Suppose that the number of hours that a person works per
week is a random variable with mean 40.

1. What can be said about the probability that this week they will work
more than 60 hours?

2. If the variance of the working hours per week is 16, what is the proba-
bility that this week’s work will be between 32 and 48 hours?

Solution. Let & be the number of working hours in a week.

. Yo 3 . E[Z] _ 40 _
1. Using Markov’s inequality, P[Z = 60] = =5~ = &5 =2/3.

2. Using Chebyshev’s inequality, P[|% —40| = 8] < 1—2 =1/4. So, we know

that P[|¥ —40| <8] =1-P[|% —40| = 8] =0.75. A
If we use Chebyshev’s inequality with distance ko, we get that

2
o 1
P[|%—/,t| > kol < W = ﬁ
That is, the probability that & differs from its mean by at least k standard
# 67
A consequence of this inequality is that if one takes several indepen-

deviations is bounded by

dent and identically distributed random variables, then their average will
tend to their mean (with probability 1).8

Theorem 53 (Weak Law of Large Numbers). Let X1, %>, ... be a sequence
of independent, identically distributed RVs with mean E[Z;] = u. Then, for
anye>0

lim P

n—oo

>g| =0.

[
—-p

Proof. Suppose for simplicity that the random variables have a finite vari-

ance 0. Since all the variables are independent, if & = %, then
o2
E¥)=pu Var(@)z;.
Applying Chebyshev’s inequality results in
YiZi 2
Pl|=E— —ul>e| < —. m
H n BIZ 8= he

% If the distribution is known, the proba-
bilities can usually be computed precisely,
without the need to approximate.

" Decreases quadratically.

% This is the basis of many statistical anal-
yses, for repeated experiments



Suppose for example that we independently repeat a clinical trial. Let
& be a fixed event that has probability P(&) of occurring at each trial. If
& is the indicator variable for & occurring at trial i, then Zl'.’zl is the num-
ber of times that & is observed in the first # trials. Since E[%;] = P(&), it
follows from the weak law of large numbers that the probability that the
proportion of trials in which we observe & differs from P (&) by more than
€ tends to 0 as n grows.
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Special Random Variables

WE INTRODUCE SOME OF the most commonly observed and used RVs.

Bernoulli and Binomial

CONSIDER AN EXPERIMENT WHOSE outcome may be a success or a fail-
ure, and & its indicator variable.®® The probability mass function of % is
defined by P[%¥ = 1] = p; its probability of success. Such a random variable
is called Bernoulli’® and, as we know already, its expected value is equal to
its probability of success p.

If we independently repeat the experiment n times, and & represents
the number of successes observed, then & is a binomial random variable
with parameters (1, p). The probability mass function of this random vari-

able is defined for all i,0 < i < n as’*

Pl =il = (';)p"(l—p)”".

The probability mass functions of three binomial random variables with
parameters (10,0.5), (10,0.4), and (10,0.75), respectively, are depicted in
Figure 10. Notice that two of them lean (or skew) away from the center.

Example 54. A system with n components works if at least half of its com-
ponents function. If each component works, independently, with proba-
bility p,

1. for which values of p will a 5-component system be more reliable than
a 3-component one?

2. In general, when is a (2k + 1)-component system more reliable than a
(2k —1)-component one?

Solution. For the first question, we know that a 5-component system and
a 3-component system will work, respectively, with probability

5| 3 2 (2,4 5
1- 1- ,
(3)P (1-p) +(4)P (I-p+p
3
( )nz(l -p+p°.
2
The 5-component system is more reliable if

(2)!]3(1 -p’+ (i)p“(l -p+p’= (2)192(1 -p+p’

% That is, & = 1 if the experiment suc-
ceeds, and & = 0 otherwise.

70 After James Bernoulli.

!
" Recall that (7) = -5y -

Binomial (10,0.4)
— —T

0.20 |- 1

0.15 | 1

0.05 |- 1

Binomial (10,0.5)
—T —T

0.25 | 1

0.20 | 1

0.10 |- 1

0.05 | 1

Binomial (10,0.75)

0.25 | i

0.15 | 1

0.10 | i

0.05 |

0 1 2 3 4 5 6 7 8 9 10

Figure 10: Three binomial probability
mass functions.
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or, equivalently, if 3(p — 1)2(2p — 1) = 0; that is if p > 1/2.

In general, consider a system with 2k+1 components and let & denote
the number of the first 2k — 1 that function. The system will work if any of
the following three conditions hold:

1. =k+1;
2. & =k and at least one of the last two components functions; or
3. & = k-1 and the last two components function.

The probability of this system working is
PIZ =2k+11+P[Z =kl(1-(1-p)?)+Pl% =k-1]p°.
Similarly, the probability that the smaller system works is

P& =k)l+PX¥=k+1].

f72

This means that the larger system is more reliable i 2 The probability of the larger system to

work is larger than the one of the smaller

0 < Pyj.q (works) — Pyj_q (works) system.
=PI% =k-1]p? - P[Z = k](1 - p)?
2k=1) 1 ko2 [2k=1) & k-1 2
= 1- — 1-— 1-
k_l)p 1-p)p K prA-p~ 0-p)
2k—-1 2k—-1
= ( f )p’“(l -pfp-a-py= ( A )p’“(l -pfep-n, M
where (1) follows from (**;) = (3*}). Thus, the larger system is more reli-
able if and only if p = 1/2.73 A ™ For any number N, N2p—1) = 0 iff
Recall that a binomial random variable & represents the number of 2Np=N.
successes of n independent trials, where each trial has probability p of
occurring. Then & = Y. | &;, where the ;s are independent Bernoulli
random variables. In particular,74  Notice that Z2 = Z because Z can only

take values 0 or 1.

EZ1=P[Zi=1]l=p
Var(%;) = E[%* - (E[X))? = p-p*=pl-p).

From this, it immediately follows that
n
ElZ]=) ElZil=np
i=1
n

Var(&x) = Z Var(%Z;)=np(1-p).
i=1
In addition, if Z and &> are two independent binomial random variables
with parameters (n;, p) for i = 1,2, then their sum is also a binomial with

parameters (n; + np, p).75 It is important that the probability in
both binomials is the same. Z; denotes
the number of successes in n; indepen-

TO COMPUTE THE DISTRIBUTION function of a binomial & with param- dent trials. So their sum corresponds to
eters (n, p) it is helpful to use the equation® the successes in the sum of their (indepen-
dently made) trials.
p n—k °Exercise!

Pl¥ = 1] = —— PX =Kkl.
(¥ =k+1] 1 1 (¥ =kl
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Example 55. Let & be a binomial with n =5 and p = 0.3. Then, starting
with P[Z = 0] = (0.7)° = 0.168 we obtain

35
P¥ =1]= ?IPL%_O]
Pl¥ =2]= §L—lP[ﬁK—l]
=2]=-7 =
33
P =3]= ?gp[%—Z]
Pl¥ =4]= §gP[t%—?)]
=4==7 =

P[%:5]=§1P[%:4]. A
75

Poisson

A POISSON RANDOM VARIABLE with parameter A > 0 takes values in the
natural numbers, and has the probability mass function, for every i € N,76
/li
PIX =il=e "=
i!

see Figure 11.77
To determine the mean and variance of a Poisson random variable, we

compute its moment generating function, and its two first derivatives.
.51 . .
d(t)=Ele*]=) e'e A1/l
i=0
_ A = AT
=e ') (Aeh)'1i!
i=0
=e e = explAe’ - )]
¢' (1) = Le'explA(e’ —1)]
¢"(1) = (Ae")?explAle’ —1)] + AelexplAle’ — 1)]

From these equations, we deduce

EZ]1=¢'(0)=21
Var(Z)=¢"(0)— (EIZD?=A2+1-A2=A.

That is, the mean and the variance of a Poisson random variable are both
equal to the parameter A.

Poisson random variables provide good approximations for binomial
variables with parameters (n, p) if n is large and p is small. Suppose that
& is such a binomial random variable and let A = np. Then

n! ; ; n! A A
P == mP 4P = G m (Z) (1_ 2)
_nn-1)---i+1) A A-A/n)"
- ni il Q-An)i

Assuming that 7 is large and p is small, we can deduce that’8
n i — .o p— 7
(1_&) ~eh (1_&) ~1; n(n-1) (n i+1) .1
n n ni

And hence it follows that P[Z = i] ~ e * %—;.79

It is obviously possible to generalize the
Bernoulli and binomial random variables
to allow more than two values to be taken.
In this case, we would speak of a multino-
mial RV. Understanding the properties of
such RVs is left as an exercise to the inter-
ested student.

76 First defined by S. D. Poisson.

" To see that this is a mass function, recall

i

that for all x e R, Z‘l?gl % =eX.

PE =1i]
0.20
0.15

0.10

0.05

! ||. i
0

012345678 910111213

Figure 11: Poisson mass function for A = 4.

8 Recall that lim;;—.oo (1 + x/n)"" = €*.

" If a very large number n of independent
trials with a very low probability p of suc-
cess are performed, then the number of
successes is approximately a Poisson with
A=np.



Example 56. Suppose that, in average, there are three accidents in the
highway between Trento and Bolzano every week. Compute the probabil-
ity that there is at least one accident this week.

Solution. Let & denote the number of accidents this week. It is reasonable
to assume that there is a large number of cars passing, each with a very low
probability of having an accident. So & should be approximately Poisson
distributed. Thus,

0

3
P[%zl]=1—P[%=0]z1—e_3a:l—e_3:0.95. A

THE POISSON APPROXIMATION REMAINS valid in more general circum-
stances. If n independent trials are performed, each with a probability of
success p;,1 < i < n, then if n is large and each p; is small, the number
of successful trials is approximately a Poisson with mean }."_, p;. This re-
mains true without the independence assumption, as long as the depen-
dence is not very strong.

Example 57. Consider n people that leave their umbrella at the entrance
of a bar, and pick up one of the umbrellas randomly when leaving. If &
denotes the number of people that take their own umbrella, then for large
n & approximates a Poisson distribution with mean 1. Intuitively, this is
the case because we can express & = Z?zl %, where each &; is the in-
dicator variable for person i picking their own umbrella. Since each per-
son is equally likely to pick any umbrella, we have that P[2 = i] = 1/n.%0
Moreover E(Z] =Y | E[Z;]=n(1l/n)=1.

However, if the j-th person picks up their own umbrella, then the i-th
person (i # j) is equally likely to pick any of the remaining 7 —1 umbrellas;
more precisely, P[%; =1|Z; =1] = ﬁ This means that &; and &; are
not independent, but their dependence is extremely weak.?! A

Poisson random variables are also reproductive; that is, the sum of two
independent Poisson random variables & and ¢ is also Poisson. To prove
this, consider the moment generating function of 2 + %82

=exp(Ag (e’ —1)exp(Aay (e’ = 1)) = exp((Ag + Az)(e' = 1)).

Since this is the mgf of a Poisson with mean A g + Ag, it follows that ' + %

is indeed a Poisson.83

Example 58. The number of hourly customers at a bar is a Poisson with
mean 4. What is the probability that over a 2-hour period there are no
more than 3 customers?

Solution. Let &, i = 1,2 be the number of customers during the i-th hour.
Assuming that &; and %, are independent, then & + %> is Poisson with

mean 8. Thus,
3 g
PIZi+%,<3]= ) e °— =0.423. A
n=0 I
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8 That is, we can approximately simulate
the experiment by a binomial with proba-
bility 1/7.

81 Specially when n tends to be large.

82 Assume that the means of & and % are
Ags and Agy, respectively.

8 Recall that there is a one-to-one corre-
spondence between moment generating
functions and distributions.
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CONSIDER NOW A SCENARIO in which a random number N of events will
occur, and each of them is independently of type 1 or type 2 with proba-

bilities p and 1 - p, respectively.2* Let N;,i = 1,2 denote the number of % For example, the number of customers

events of type i observed. If N is a Poisson with mean A then the joint

N in a bar is a random variable; each cus-

. . tomer is male with probability p and fe-
mass function of Ny, N, is male with probability 1 p.

P[Ny=n,No=m]=P[N;=n,No=m,N=n+m]
=P[Nij=n,Npo=m|N=n+m]P[N=n+ m|
/ln+m
-2

=PINi=n,Npo=m|N=n+mle "———.
(n+m)!

Since each of the n+m events are independently of type 1 with probability
p, the probability that there are exactly n events of type 1 is the probability
that the binomial random variable (1 + m, p) takes value n. That is,

! An+m
PINy = n, Ny = ) = M ny _ pyme=2 A7
n'm! (n+m)!

_ e_,lp ()LP)” e_Ml_p) Al - p))m
B n! m! )

The probability mass function of N is

P[Ni=nl= ) P[N;=n,N,=m]

m=0
Y Ap" Oi e A1=p) Ad-pn™ _ o AP (AP)"'
n!

=0 m! n!

Thus, N is a Poisson with mean Ap, and similarly N, is Poisson with mean
A(1 - p). Moreover, these two variables are independent.

This result can be generalised to the case where each event can take any
of r different categories with probabilities p;,..., pr. That is, the numbers
of type i events (1 < i < r) are independent Poisson random variables with
mean Ap;.

To compute the distribution of a Poisson & with mean A we notice that

PIZ=i+1] e A"+l A
P =il e Mt i+l

Starting from P[¥ = 0] = e”l, we can use this equation to successively

compute the probability of each successive value.? BPX=i+1]1=A/{+1)PIX =il

Hypergeometric Random Variables

°CONSIDER A BIN WITH N working batteries, and M defective ones. We °Optional

randomly pick up a sample of size n.86 If & is the number of working % Any of the (

batteries in the sample, then for all i,0 < i < min(N, m)®’ equally likely.

N+M

) such samples is

%7 To simplify, we assume (') = 0 whenever

(N)(nj\:[l) r>morr<o0.
()

PIX =i]=

A random variable with such a mass function is called hypergeometric with
parameters N, M, n.



An intuitive way to see a hypergeometric random variable & is to think
of the sample to be drawn sequentially and defining the random variables

{ 1 i-thselection is working

0 otherwise.

Each selection is equally likely to be any of the N + M batteries; hence

P(Z; = 1] = 25 In addition, for any i # j,%

N-1 N
P[%i—l,%j—1]—P[<%i—l|%j—l]P[3{j—1]—mN+M.

Since & =Y.' | %, it follows that

nN

n n
EX]= i_ZlE[szfi] = i—zip[%i =1l= .

n
Var(@) =) Var@)+2 )Y Cov(Zi%)).

i=1 l<i<j<n
Since each &; is a Bernoulli, Var(%;) = P[%; =111 -P[Z; =1]) = %
and for i < j% E[%,2] = PI%i = 1, %) = 1] = yrana—- Thus,

Cov(Zi, X)) = EIZi %)) - EIZG EL%))

~ NWN-D _( N )2
T(IN+M)(N+M-1) \N+M
-NM

- (N+M2EN+M-1)

Since there are () terms in the sum of covariances, it follows that

nNM nn-1)NM
Var(X) = -
(N+M)?2 (N+M?2N+M-1)
_ nNM [_ n-1
T (N+ M)? N+M-1]"

Let now p = N/(IN+ M) be the proportion of batteries that are functioning.

It then follows that E[%] = np and Var (%) = np(1- p) [1- 7251 .

If N+ M tends to infinity while preserving the same proportion p, then

Var(%) converges to np(1 — p), which is the variance of a binomial with
parameters (n, p).

Let Z and ¢ be two independent binomial random variables with pa-
rameters (7, p) and (m, p), respectively. The conditional mass function of
% given that  + % = k is%

P¥ =i,% =k—-i] B P =ilP% =k—i]
PX+% =kl  PX+¥ =k
(7)pi(1 _ p)nfi(krtti)pk—i(l _ p)mf(k—i)
(”‘*]‘Cm)pk(l_p)wrmfk

PX=i|ZX+¥ =kl=

that is, this conditional distribution is a hypergeometric.
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% Once that we have observed a working
battery, another selection can be any of the
remaining N — 1 working batteries.

Bg%i%jZIiff%iZIZ%j.

9 Recall that the sum of two binomials
(n, p) and (m, p) is a binomial (n + m, p).
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Uniform Random Variables

A RANDOM VARIABLE IS uniformly distributed over the interval [a, ] if its
density function is (see Figure 13)

1
fy={Fa @=¥=F
0 otherwise.

The uniform distribution expresses that a random variable is equally
likely to be near any value within [a, B]. For a sub-interval of I < [a, f], the
probability of Z taking a value in I is the proportional size of I w.r.t. f—a:

1 b b-a
Pla<%Z <b]= f dx= .
B-ala B-a

For example, if & is uniformly distributed over the interval [0, 10], then
P[Z >6]=0.4and P[2< % <5]=0.3.

Intuitively, the mean of a uniform random variable should appear at
the middle of its interval. We confirm that this is the case:

_pP-a* (Bra)f-a) a+p
C2B8-a) 2B-a) 2

p
E[%]:f ﬁfadx

To compute the variance, we use”!

_pP-a®  Ptaf+a’
C3(-a) 3

)

1 B
El%?) = —f x*dx
B-ala
which yields

ﬁ2+aﬁ+a2

Var(&) = 3

a+ﬁ)2_a2+ﬁ2—2aﬁ_(ﬁ—a)2
2 ) 12 12

The value of a uniform (0, 1) random variable is called a random number.
Modern computers use mathematical methods to generate sequences of
independent (pseudo-)random numbers.%> Random numbers are used
often in clinical trials, for example in what are called double-blind tests.?3

THE NOTION OF UNIFORM random variables can be extended to joint dis-
tributions. The joint probability distribution of Z',% is uniform over a re-
gion R with area a if f(x, y) = 1/a whenever (x, y) € R, and 0 otherwise. For
example, if R is the rectangular region between (a1, @2) and (g, B2), then
itis possible to show that & and % are independent uniform distributions
over [a1, B1] and [, B2], respectively.9*

Exponential Random Variables

°A CONTINUOUS RANDOM VARIABLE with density function

le M x>0

0 x<0,

flx)=

f

@ B
Figure 12: Uniform density function of a
uniform distribution over [a, f].

fx)

a ;l b B
Figure 13: Probability of an interval in a
uniform distribution.

91 x3_y3 :(x2+xy+y2)(x_y)

92 For a true random number generator,
visit http://www. random.org.

% In a double blind test, a group of volun-
teers for a trial is divided in two subgroups
(of the same size); one groups is given the
treatment, and the other one is given a
placebo. In this way, it is possible to deter-
mine if (and to what extent) the treatment
is effective. Random numbers are used to
guarantee that the division of the groups is
really random, and not biased by some po-
tentially hidden factor.

9 To show this, simply compute the indi-
vidual distributions of Z and %'.

°In the labs


http://www.random.org

for some constant A is called exponential (or exponentially distributed),
and A is often called the rate of the distribution. The cumulative distribu-
tion function of such a variable is, for every x = 0,

X
F(x)=P[%Z <x] = f AeMVdy=1-e*,
0

This function often arises as the distribution of the amount of time until

some event OCClll'S.95

The moment generating function of an exponential is
o0 (e 9) A/
$(1) = E[e"”] =/ e e Mdx= Af e M Dgy = T <A
0 0 -

Differentiating, we get

(p’([) — L
A-1?

&) = 21
A-1)3

which implies E[Z] = ¢'(0) = 1/A, and Var(%) = ¢" (0) - 1/1% = 1/12.
The key property of the exponential distribution is that it is memoryless;

that is, for all s, ¢ > 0 it holds that P[% > s+t | & > t] = P[Z > s].96 To

show this, notice that the notion of memory less is equivalent to stating

that W = P[%Z > s] or, equivalently, that

Pl >s+t] =P(% > t|1P|% >s].

If & is an exponential random variable, this equation is satisfied because
e AMs+D) = g=Asp=Al Interestingly, the exponential is the only type of ran-
dom variable that is memoryless.

Example 59. Consider 3 identical machines that work for an exponentially
distributed amount of time with parameter A. We use two of them until
one breaks, and replace that one with the unused one (call it U). What is
the probability that the next machine to break is U?

Solution. Due to the memoryless property, when U starts working the re-
maining lifetime of the originally working machine still available is equiv-
alent to that of U. Hence, the probability of the next one to break to be U
is exactly 0.5.

Proposition 60. If%,...,%, are independent exponential random vari-
ables with parameters Ay,...,A,, then min{%;,...,%,} is an exponential
with parameter Y.1' | ;.

Proof. The proposition follows because®’

n
Pmin{%y,...,Zn} > x] = P[Z1 > X,..., %y > x] = [ | P[Zi > n]
i=1

n
= [[e ¥ = e Eimhix, O
i=1

This property is useful, for example, if we are interested in understand-
ing when will the first component of a system will fail. Another useful
property is that if & is exponential with parameter A, then c¥ is expo-
nential with parameter A/c. Indeed,

P[C%SX]ZP[%SX/C]:l—e_/‘LX/C.
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% For example, the time until it rains, or
until you receive a new email tend to be ex-
ponentially distributed.

% Intuitively, under the condition that the
event has not been observed at time ¢, the
probability of having to wait at least s more
is exactly the same as having to wait s at
the beginning. Conditioning restarts the
clock.

91f & is exponential with parameter A,
then F(x) = P[% < x] =1-¢ ¥,
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Normal Random Variables

A RANDOM VARIABLE 1S normally distributed with parameters y and o
(denoted as & ~ A (u, o)) ifit has density

fx) = o~ (x-w?20*

2no
This is a bell-shaped symmetric curve that has its highest value (1/v2z0) at
u (see Figure 14).

The importance of the normal distribution and its use in statistics arises
from the central limit theorem that, in a nutshell, states that when the
number of observations is large enough, random phenomena tend to ap-
proximate a normal distribution.?® Examples where this can be observed
empirically are the heights of people, or the measuring error in physical
quantities.

Intuitively, the mean and variance of a normal RV % ~ A (u, o) should

be p and o2, respectively. First, we see that E[2 — u] = 0, by defining a

new variable y = (x — u)/0:190°

EI% -l = f°° (x—p) o -w220? g

\/ﬁ
= | yeay )
T J—00

- (_e—y2/2 Zo) =0.

Van

. _2
To compute the variance, we use u = y and Z—; =ye V"'? to see that!0! °

Then, it follows that®

2
Var (&) = E[(%—p)z] :f e—(x—u)2/202dx
-0 V27O

zngoo L ey zozfoo L g, g2
. \/ﬁy y o V2n y )
where the last equation follows from \/%7[ e V2 being the density function
of a normal (with parameters u = 0 and o = 1); so the integral over all reals
must be 1.

An important property is that any linear transformation a% + b of a
normal random variable % is distributed as a normal too.!%? This means
that the variable Z = % is in fact a normal random variable with mean
0 and variance 1. This is called the standard or unit normal RV and its
distribution is denoted by ®.13 We can simplify statements about & in

terms of Z. For example, knowing that % < b iff Z-£ < 2 =t

2 ] i)
o (02

we get that

P[.%'<b]=P[%

In other words, for dealing with normal distributions, it suffices to know
the values of ®. There are many software systems and tables providing this

V2no

y—‘ZJ w—oc u  pu+o u+22o

Figure 14: The normal density function.

% This will be covered more extensively in
the next chapter.

9 Remember that E[% + b] = E[%] + b.

1% Using u-substitutions, ody = dx.
°Since y = (x — w)/o, differentiating on
both sides, we get dy = dx/o. At (*), we
substitute into y, but then we need also to
substitute into the differential. Notice the
o that appears outside! For the next one,
just give the answer, but verify that it is cor-
rect by differentiation.

11 Recall the zntegmtton by parts formula:
f udrdx=uv- v du Ydx.

°We have already seen that the integral of
2 2
dv=ye V12isp=—e V2

°Use the same u-substitution y = (x—w)/o,
with ody = dx. The second to last equality
follows from the property derived before.

192 As known already, with mean au+ b and

variance u2 O'2

2
13 That is, ®(x) = eV 24y,

1 X
Ef—oo



information.!®* These tables often provide values only for positive values
of x, but since Z is symmetric, negative values can be handled easily. For
example, P[Z < —x] = P[X > x] = 1 -®(x). Thus, if x = 1, we get that
P[Z<-11=1-®(x)=1-0.8413 =0.1587.

Example 61. Data transmission is subject to channel noise disturbances.
To reduce the the possibility of error, we encode binary messages using
values —2,2, which stand for the original 0 and 1, respectively. Due to
noise, when we submit a message x € {—2,2}, it reaches its destination
as R = x+ N. The recipient then decodes the message by concluding, if
R = 0.5 that the message sent was 1, and 0 otherwise. We consider that N
has a standard normal distribution.
The probabilities of receiving a wrong signal, due to the noise are

P[R<0.5]signal=1]=P[N <-1.5]=1-®(1.5) =0.0668
P[R=0.5|signal =0] = P[N =2.5] =1—-®(2.5) =0.0062. A

THE MOMENT GENERATING FUNCTION of a standard normal RV Z is°®

tZ o L e 1 2o
E[e'“] = et——e dx= —e dx
-0 vV 27 —o00 V21

2 1 a2 2 © 1 _2 2
:et/2f e(xt)/dezet/Zf eV 2dy = e P12
—oo V271 —oo V271

2

A normal random variable & with mean p and variance o- can be ex-

pressed as 0 Z + p. Thus, it moment generating function is

2 2,2
E[et%] :E[et,u+tUZ] — etyE[etUZ] — et,ue—(ta) 2 _ et/,t—a t /2.

We can use this moment generating function to prove that the sum of in-
dependent normal random variables is a normal random variable.

Example 62. The height of European males is a normal RV with mean
177.6cm and standard deviation 4cm. If a person has two (adult) sons,
find the probability that the older one is taller than the younger one by at
least 2cm, assuming that the heights for each child are independent.

Solution. Let &) and &, be the heights of the first and second child, re-
spectively. Since —% is a normal with mean —177.6 and variance 4% = 16,
X1 — %, is a normal with mean 0 and variance 32. Then

X - 2

P >Z+2| =P -Z2>2]|=P| —>—

1 2 1 2 \/@ \/ﬁ
=P[Z>0.3536] = 1-0.6368 = 0.3632. A

Given any number «a € (0, 1), let z, be the value such that P[Z = z4] = «
(see Figure 15). For example, we have that zy 5 = 1.645 and zg; = 2.33.

The value z, is the 100(1 — @) percentile of 7.105

Chi-Square

THE SUM OF n independent standard RVs & =Y. Zl.2 is a chi-square RV
with n degrees of freedom. This is denoted by Z ~ 2.
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104 See the OLE for one such table. We will
see also how to obtain it from R.

°First, (x— r)z =x2-2tx+1r2. Later, substi-
tute y =x—t,and hence dy = dx.

I i
0 Za

Figure 15: P[Z > z4] = a.
195 The name comes because 100(1 — @)
percent of the time Z will fall below z.
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The chi-square distribution is additive in the sense that if & and % are
independent chi-square with n and m degrees of freedom, respectively,
then & + % is chi-square with n + m degrees of freedom. This holds be-
cause X +% is the sum of n + m squared independent standard RVs.

If & is chi-square with n degrees of freedom, then for any a € (0,1) the
value xén is the value such that P[Z = )(é,n] =a.

One application where the chi-square distribution may be of interest
is when dealing with measurement errors in multiple dimensions. If we
have sensors measuring the position of an object in each dimension, then
the square of the distance from the measured to the real value behaves as

a chi-square, assuming that the measuring error is normal. %6

The t-Distribution

IF A STANDARD NORMAL random variable Z and a chi-square random
variable with n degrees of freedom y2 are independent, then the RV

z
VARin

has a t-distribution with n degrees of freedom. Figure 16 shows the density

Ty :=

function of T, for different degrees of freedom.

The ¢-density is symmetric on 0, and approximates the standard nor-
mal density as n grows. Recall that y? is the sum of the squares of 7 inde-
pendent standard normal random variables. From the weak law of large
numbers, it follows that as n grows, y%/n will tend with probability 1 to
E[Z?] = 1. Thus, for large enough n, T,, = Z/\/;/n will approximately have
the same distribution as Z (see Figure 17).

The mean and variance of T}, are, for n >1and m > 2,

E[T,;]1=0

n
Var(T,) = ——.
n—-2

Notice that the variance of T, tends to 1 from above, as n goes to infinity.
Given a € (0,1), let ¢, , be such that P[T,, = t,,,] = a. Since t is symmetric
at 0, it follows that

a=P[-Ty=tan] =PlTy = —tqnl =1-P[T, > tqnl.

This means that P[T, = t4,,] = 1— «a or, equivalently, —f4 , = t1—q,n. See
Figure 18.

106 We will use it later to estimate parame-
ters of a distribution.

Figure 16: The density function of T}, for
n=1,2,10.

Figure 17: The density function of T5
(solid) and Z (dotted).

a a
1 | I

H-a,n 0 tan

Figure 18: The areas before —t4 , and after
tq,n have size a.



Sampling

THE GOAL OF STATISTICS is to draw conclusions about a large popula-
tion by observing a suitable part (or a sample) of it. For the sample data to
yield meaningful information about the whole population, one must make
some assumptions about the relationship between the two of them. First,
we assume that the measures on the individuals of the population are ran-
dom variables having a shared distribution among the whole population.
If the sample data is chosen randomly;, it is reasonable to believe that they
are independent random values from this distribution. Formally, a sample
is a finite set of independent, identically distributed, random variables.'”

Usually, the population distribution F is not known, and we try to use
the data to draw conclusions about it. Sometimes, we may know the gen-
eral shape of F, but not its precise parameters; for example, that F is nor-
mal or Poisson, but with unknown mean and variance. In this case, we
speak about parametric inferences. If, on the contrary, nothing is assumed
about F (except, perhaps, that it is continuous, or discrete), we deal with
non-parametric inference problems.

From now on, a statisticis arandom variable whose value is determined
by the sample data. Two fundamental such statistics are the sample mean
and the sample variance.

Sample Mean and the Central Limit Theorem

CONSIDER A POPULATION OF elements, each of whom is associated with
a value derived from a random variable with mean u and variance o?.
These values are known as the population mean and population variance,
respectively.!%® Suppose that we extract a sample from this population,
and observe the values &7,..., %, associated to the elements of the sam-
ple. The sample mean is

v i=1 i

X =
n

Notice that & is also a random variable; so it has an associated expected
value and variance. Since the RVs in a sample are always independent,
these are given by

_ X 12
E[%]:E[L’]:—ZE[%]zu,
n izl
_ n%; n 2
Var(@) = Var(ﬁ) =LY var@n =2
n n® 4 n

197 Also called a random sample.

198 Recall that all the elements in the sam-
ple are equally distributed.
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In other words, the expected value of the sample mean is the population
mean, while its variance is the population variance divided by the size of
the sample. Thus, & is centered around g but its variance tends to 0 as
the sample size grows. To understand how the RV X is distributed, we
consider the central limit theorem which in essence states that the sum of
a large number of independent random variables has a distribution that

approximates a normal. 109 199 The proof of this theorem is well beyond
the scope of the lecture, but this is a funda-
Theorem 63 (Central Limit Theorem). If%,...,%, areindependent iden- mental result in statistics.

tically distributed random variables with mean y and variance o, then for

lllO

alarge n the distribution of .| &; is approximately norma 110 A consequence of this theorem is that

(Z;?:l Z; — nw/(oy/n) approximates a
Example 64. An insurance company with 25,000 policy holders observes standard normal random variable.

that the yearly claim of a holder is a RV with mean €320 and standard
deviation €540. What is the probability that the total yearly claim is above
€8.3 million?

Solution. Let & be the total yearly claim, and &; the yearly claim of client
i; then Z = Y722, From the central limit theorem, Z is approxi-
mately a normal with mean 320 - 25000 = 8x10° and standard deviation
540- /25000 = 8.53x 10*. Thus,

% —8x10° . 8.3x10% —8x106
8.53x104 8.53x104
~ P[Z >3.51] = 0.00023. A

Pl% >8.3x10% =P

The central limit theorem has an important use with binomial random
variables. Recall that a binomial & with parameters (n, p) is a sum of n

independent Bernoulli random variables & =Y.' | Z; with E[%;] = p and ! Since the binomial is discrete, and the
X—np . normal is continuous, sometimes it is nec-
/np(-p) approximates a essary to make adjustments (called conti-

standard normal random variable (see Figure 19).!1! nuity corrections) when using this approx-
imation. See footnote 112.

Var(Z;) = p(1 - p). Then, if n is large enough,

(10,0.6) (30,0.6) (50,0.6 (70,0.6) (90,0.6)

)
.25
015 0.05
0.05
0.10 005
005
b ‘ I “ ‘
‘ ‘l‘ ‘\ Al f
0 3 6 9 12 15 18 21 24 27 30 5 10 15 20 25 30 35 40 45 50

| L ‘
0 1 2 3 4 5 6 7 8 9 10 7 14 21 28 35 42 49 56 63 70 9 18 27 36 45 54 63 72 81 90

Figure 19: Binomial probability mass func-
tions for p = 0.6 with n growing from 10 to

Example 65. An airplane fits 150 passengers. On a busy route, only 30% 90. The mass converges to a normal den-
of the people that buy the ticket take the plane. If the airline starts selling S

450 tickets per flight, what is the probability that the flight is overbooked?

Solution. Let & be the number of passengers in the flight. Assuming that

each customer will independently decide to take the flight or not, & is

a binomial (450,0.3). Since the binomial is discrete and the normal con-

tinuous, we compute P[Z =1i] as P[i—0.5 <% < i+ 0.5] when using the

normal approximation.!'? Then, 12 This is the continuity correction.
X —450-0.3 150.5-450-0.3

P[Z >150.5]=P > =~ P[Z >1.59] =0.06.
V450-0.3-0.7  v/450-0.3-0.7




That is, the probability of overbooking is 6%. A
We have seen two ways to approximate a binomial: the (discrete) Pois-
son that works well with n large and p small, and the (continuous) normal,

which works when np(1 - p) is large.!13

THE CENTRAL LIMIT THEOREM helps to approximate also the distribu-
tion of the sample mean. Indeed, & = Y, Ziln will be approximately
normal when 7 is large. In particular, Z—\_/’% approximates a standard nor-
mal RV.!!# Note that this approximation works, regardless of the distribu-

tion of the original RV &'

Example 66. The measurements for the distance d to a star are affected by
atmospheric disturbances. To get a precise reading, a measurement is re-
peated several times, and their average is used as an estimate for the actual
distance. Assuming that each measurement is an independent random
variable with mean d and standard deviation 2, how many measurements
we need to have a 95% certainty of the estimate being within a value of 0.5
from the actual distance?

Solution. After n measurements, the sample mean % of these measure-
ments will be approximately a normal with mean d and standard devia-
tion 2/+/n. Thus,'1°

05 _ Z —-d .05

2/vn  2/yn 2/yn

= P[-Vnl4d<Z <+\/nl4] =2P[Z <v/nl4]—1.

P[-05<% —d<05]=P

To get a 95% certainty, we need an n such that 2P[Z < v/n/4] — 1 = 0.95;
that is, P[Z < y/n/4] = 0.975. Since P[Z < 1.96] = 0.975, we need n such
that \/n/4 = 1.96. Thus, at least 62 measurements are needed. A

While the central limit theorem guarantees that one will approximate
a normal distribution as the sample size n grows, it is not explicit on how
large should 7 be for the approximation to be good enough. In practical
terms, a sample size of at least 30 will usually suffice, but depending on the
population distribution, a much smaller sample might still work; in some

cases, even 5 measurements would be good enough.!1®

Sample Variance

CONSIDER AGAIN A RANDOM sample from a distribution, and let 2 be
the sample mean. The sample varianceis defined by
"% -2Z)?
n-1 ’

§%:=

The sample standard deviationis S := v/'S2.

The sample standard deviation is also a random variable, and hence it
is interesting to know its expected value. To find out E[S?] recall that for
any sequence of numbers x,..., X, and for x := ?:1 x;ln,

n n

-2 2
Y (xi—=%)"=) x;—nx".
i i
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8 1n practice, the normal is a good ap-
proximation whenever np(1 — p) = 10.

" Since E(%] = pand Var (%) = a?/n.

115 Recall that Z is symmetric around 0.

16 Obviously, the larger the sample, the
better the result will be.
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It then follows that (n—1)S? = Z” 3?5 2_ n% . Taking expectations on both
sides, and using the fact that all % ;s are equally distributed,!”

(n-1)E[S%] = —nE® ]

E|Y 7

i=1
EI%2) - nE(Z ]
=nVar(%) + n(E[B?fl])2 - nVar(%) - n(E[y])2

=no® + np? — n(@*/n) - np® = (n- 1o,

That is, the expected value of S? is the population variance o2.

Sampling from a Normal Population

SUPPOSE THAT WE SAMPLE from a normal distribution & ~ A (y, o?).

Since the sum of independent normal random Variables is also normal,
it follows that & is also a normal, and in particular 7 is a standard
normal random variable.

Notice that Y7 (x; - %)? = X, (x; — )* — n(x — w)>.!'8 Then it follows

that

YL &i-w? Y (XX @& - p)?
o2 B o2 * o2

That is,

nog—p? T @ -E) (VA -’
; ( ) - o2 " ( o ) '
Each (%; — /o is a standard normal distribution, and they are all inde-
pendent. So, the left-hand side of this equation is a chi-square distribution
with 7 degrees of freedom.!'¥ The second term on the right is also a chi-
square with 1 degree of freedom. This suggests, given the additive property
of chi-square distributions, that the missing term is also a chi-square with

n— 1 degrees of freedom. Indeed, we get the following important result.

Theorem 67. If &,...,%, is a sample from a normal population with
mean p and variance o2, then & and S? are independent random vari-
ables with & a normal and (n—1)S?/0? a chi-square with n— 1 degrees of
freedom.

Importantly, this theorem not only establishes the distributions of the
sample mean and sample variance, but also their independence. The lat-
ter only holds for normal distributions.

(X —p 120

Corollary 68. /n

Proof. Theorem 67 states that \/n (ggg_ K

from (n —1)S?/0?, which is a chi-square with n — 1 degrees of freedom.

is astandard normal independent

Hence, . .
V(& - wlo _ n(%—,u)
V(n-1)82/0? S

isa t with n—1 degrees of freedom. O

17 Recall that E[%2] = Var(@) + (E[%])?
for all random variables .

“BLety,-=x,~—,u.Then?=f—,uand
Y- -G-m)?=Y(yi-y
:Zyi‘”y

=Y (- w?-nGE-w

9 A chi-square with n degrees of freedom
is the sum of the squares of n independent
standard normal distributions.

120 That is, v/n (%T_‘u) has a t-distribution
with n —1 degrees of freedom.



Sampling from a Finite Population

GIVEN A FINITE POPULATION of size N, a random sample of size n is such
that any of the () subsets of the population of size 7 is equally likely to be
chosen.

Suppose that the proportion of the population with a characteristic of
interest is p, and that we have a random sample of size n. Fori,1<i<n
let &; be the indicator variable for the i-th element in the sample hav-
ing the characteristic. Then & =Y.' | &; is the count of elements in the
sample having the characteristic, and the sample mean X =% /nis the
proportion of the sample with the characteristic. We study & and Z.

Notice that each &; is a Bernoulli with parameter p.!2! However, they
are not independent: we know already that P[%Z, = 1] = p, but condition-
ing over the outcome of the first sample, we get P[Z, =1 | X =1] = 1\]/\;7_—11 .
Knowing that we have already seen an element with the characteristic, the

second-sampled element is equally likely to be any of the remaining N -1
elements, but only Np — 1 of them have the property.'??

When the size of the population N is very large in comparison to the
sample size n, the difference between the unconditional and the condi-
tional probabilities can be dismissed.!?3 For example, if N = 2000 and
p=0.5, then P[%, = 1| X = 1] = {55 = 0.4997; similarly P[%, = 1| Z} =
0] = % =0.5003. Thus, assuming that N is large, we can think of each &;
as an independent Bernoulli, meaning that & is approximately a binomial

with parameters (7, p).124 Under this view it follows that®

E&X]=np
EZ)=EX])In=p

Var(Z)=np(1-p),
Var(y) = Var(ﬁ?f)/n2 =p(l-p)/n.

Example 69. Suppose that 40% of the population supports a given politi-
cal candidate. Given a random sample of 150 individuals, find

1. the expected value and variance of the number of sampled individuals
that favour the candidate;

2. the probability that more than half of the sample favours the candi-
date.!2®

Solution. The number of people & favouring the candidate in the sam-
ple is a binomial with parameters (150,0.4). So, E[Z] = 150-0.4 = 60 and
Var(%)=150-0.4-0.6 = 36.

To compute P[Z = 76], we can use the normal approximation:

X —-60 75.5-60
P& =76] = P[% =75.5]=P 5 > 5

= P[Z =2.5833] = 0.0049. A

It is important to notice that, although we considered it here only for
the Bernoulli case, in general even if the random variables can take more
than two values, when the population is large with respect to the sample
size, we can always assume that the sample data are independent random

variables with the population distribution.!26
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121 Every & is an indicator variable for the
i-th element from the sample to have the
characteristic. But every element from the
population is equally likely to be the i-th
sampled.

122 See Example 57.

123 1f we are sampling from the whole Ital-
ian population, this is a good assumption.
If instead, we sample from the students
in the classroom, it might not make much
sense.

124 Notice that & is in fact a hypergeomet-
ric random variable. Thus, we have shown
that binomials approximate hypergeomet-
rics when the number of elements is large
w.r.t. to the number of selections.

°In the following, we assume that N is very
large, and hence & is a binomial.

125 When polling we are often trying to an-
swer the dual questions: given the values
of the sample, what is the probability that
the full population supports the candidate.
This is a topic for a different chapter.

126 And hence, apply the central limit theo-
rem.



Parameter Estimation

ONE OF THE MAIN problems in statistics is to understand the distribu-
tion of a population given the data from a sample. Often, we can assume
that the distribution is known up to a vector of unknown parameters. For
example, we may say that it is a normal with unknown mean and vari-
ance,'?? or an exponential with unknown rate. In that case, we use the
data to estimate the value of the missing parameters. These estimates may
be precise (point estimates), or give a larger range (interval estimates).
Any statistic used to estimate the value of an unknown parameter 0 is
called an estimator of 8. The observed value of this estimator is an esti-

mate.

Maximum Likelihood Estimators

SUPPOSE THAT WE OBSERVE a sequence Z71,...,%; of random variables
whose joint distribution is known except for an unknown parameter 8. We
want to use the observed values to understant 6. If, for example, the ob-
servations are all from independent exponential random variables with
the same unknown rate 6, their joint density function is

fx1,eexn) = far (x1) -+ far, (xp)

n1
=[] e " (0 < x; <00)
,‘:16
1 n
=9—nexp —le-/e . (0< x; <o0)
i=1

One of the most used type of estimator is the maximum likelihood esti-
mator. Let f(x,...,x, | 0) be the joint probability mass or density function
of the variables 71, ..., Z ;'8 this is a function of § since this parameter is
unknown. This function f represents the likelihood of observing xy, ..., x,
when 6 is the true value of the parameter. The maximum likelihood es-
timate 6 of @ is the value that maximises f(xi,..., X, | ) given the obser-
vation xi,..., X,. One useful property for computing this estimator is that
f(x1,...,x, | 0) and log(f(x1,..., x, | 6)) are maximised at the same value
of 8 so it suffices to maximise the latter function.

Maximum Likelihood Estimator of a Bernoulli Parameter

127 Recall the law of large numbers.

128 Depending on whether they are discrete
or jointly continuous.



CONSIDER A SEQUENCE OF n independent trials that have each a prob-
ability of success p, which we want to estimate.'?? The trial consists of n
Bernoulli random variables &; with an unknown parameter p. Then, for
x=0,1 we have P[%; = x] = p*(1 - p)! ™%, and the joint probability mass
function of the data is

fx,.. x| p) =P =x1,...,%0n=Xn | Pl

n
= [Ipea-p)' = pr=tiq - p)" i,
i=1

We want to determine the value of p that maximises this function. This is
easier to do by taking logarithms:

n n
log(f(x1,....,x, | P)) = )_ xilogp+ (n—Zx,-)log(l—p).
i=1 i=1

To optimise, we can find the point where the derivative (w.r.t. p) evaluates
to 0; that is,

n . _yn .
%log(f(xl,...,xn | p) = Z’;xl L lz_l;xl =0
Solving this equation yields the estimator ﬁ = %, or equiva-
lently
L XX
==

That is, the maximum likelihood estimator of p is the proportion of suc-
cesses observed in the trials.

Maximum Likelihood Estimator of a Poisson Parameter

°CONSIDER NOW INDEPENDENT POISSON random variables &7,..., %,
all with the same (unknown) parameter 1. To estimate A, we first compute
the likelihood function

n e—/llx,' e nl/127:1 X
f(xl,---;xn|/1)=H = |
i=1

x;! [T, xi!

Taking the logarithm yields

n n
log(f(x1,...,xn 1 ) = —nA+ ) x;10g(A) —log(] | x:).
i=1 i=1

To find the maximum, we evaluate the derivative (w.r.t. 1) at 0

noy
i=1%i

d
—log(f(x1,.... X | V) = —n+ ;

:0,
da

which yields A = ZE1Y

For example, suppose that the number of customers at a bar in one
hour is a Poisson with an unknown parameter A that we want to estimate.
If in a working day of 12 hours, the bar gets 180 customers, then the maxi-
mum likelihood estimate for A is 156/12 = 15.130
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129 This is the estimator of the parameter of
a Bernoulli distribution.

°Optional

130 That is, on average, there will be 15 cus-
tomers every hour.
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Estimators for Normal Parameters

CONSIDER NOW THE MORE complex case of estimating both parameters
from a normal distribution.!3! If X,...,%, are independent identically
distributed normal random variables, their joint density, and its logarithm
are

n

_ 1 —(xi_ll)z)
f(xln--;xn|/.l,0')—i_l_[1\/ﬁgexp( 202

_( 1 )”’2 1 (—Z;Ll(xi—u)z)

— —ex
27 p 202

0—}’1
-l (- w?

n
log (f(x1,...,Xn | 1,0)) = — Elog(Zn) - nlog(o) - oo

As usual, the values of p and ¢ that maximise this function can be found
by differentiating and evaluating at 0.
0 Y i)
@log(f(xl,....xn | u,0)) = % =0,
n _Z;;l(xi_ﬂ)z
+ _—

0
_log(f(xly---,xnll,l,,()')) = —E

0.
oo

o3

This yields, when solving,

. 172
(rz(Z(xi—ﬂ)z/n) )
i=1

Note that the maximum likelihood estimator for the standard deviation
is not the same as the sample standard deviation,!32 but their difference
decreases as n grows.

IN ALL THE PREVIOUS cases, the maximum likelihood estimator for the
mean was the sample mean. We show that this is not necessarily the case.
If%,...,%, are a sample from a uniform distribution over (0,0), where 6
is unknown, then we have

g 0<x;<6,1<i<n
f(XI,-..,Xn|9): .
0 otherwise.

To maximise this function, we need to choose 0 to be as small as possible.
Since 6 cannot be smaller than any of the observed x;s, the maximum like-
lihood estimator of 6 is 6 = max{xy,..., X,}. Thus, the maximum likelihood

estimator for the mean of the distribution is max{x;, ..., x,}/2.133

Interval Estimates

SUPPOSE THAT WE HAVE a sample from a normal population with un-
known mean p and known variance o2. The maximum likelihood estima-
tor for pis & = Y, Zil/n. However, we do not expect the value of xX

3! In this case, the mean u and the stan-
dard deviation o.

132 The former divides by n while the latter
divides by (n—1).

133 Remember that the mean of a uniform
distribution over (0, a) is a/2.



to be exactly u. For this reason, we often prefer to compute an interval
guaranteed to contain p (with some degree of confidence). This interval is
found through the probability distribution of the point estimator. In this

example, & ~ A (,0%/n) and hence f—:/% ~ Z. Thus, it follows that!34 °
0.95=P|-1.96 < @@—u)d.%]
g
o — o
=P|-1.96— <& —u<1.96—
N \/ﬁ]
-p|-196-Z < §<1960] (symmetry)
= 96 u RV Y y

— o — o
=P|X-196—<u<&+196—|.
N \/ﬁ]

In other words, there is a 95% chance that the true mean u lies within a
distance 1.96\% from 2. If we observe that & = X, then we have a 95%

confidence that p is in the interval

— o _ (o
Xx—196—,x+ 1.96—).

vn Vvn
This is known as the 95 percent confidence interval of y.'3°

Example 70. When sending a signal p over a noisy channel, it is received
as u+ N where N is a normal with mean 0 and variance 4. To reduce the
error, each signal is sent 9 times, and the receiver is tasked with estimating
the original signal. Suppose that we receive the signals 5, 8.5, 12, 15, 7, 9,
7.5,6.5,and 10.5. Then X = 81/9 = 9. Through the maximum likelihood es-
timator, we conclude that the signal was 9. To have a better understanding
of the signal, however, we decide to compute its 95% confidence interval,
which is
9- 1.96%,9 + 1.96;2—)) =(7.69,10.31).

We can guarantee with 95% confidence that the true original signal lies in
this interval. A

An interval like the one from this example is known as a two-sided con-
fidence interval since we allow for the real mean p to be on either side of
the point estimator. Alternatively, we may prefer a one-sided confidence
interval; for example, finding a value x such that we can assert, with 95%
confidence, that u > x. To find this value x, notice that P[Z < 1.645] = 0.95.
This means that

U<
v K

The 95% one-sided upper confidence interval for p is (x — 1.6450/y/n,00),

0.95=P =P|% -1.645

X -
V= <1645
g

where ¥ is the observed value of the sample mean. Similarly, the 95% one-
sided lower confidence interval for u is (—oo, X + 1.6450//n).

Example 71. The upper 95% confidence interval estimate of u from Ex-
ample 70 is (9 — 1.6452,00) = (7.903,00). A

The use of 95% in the previous discussion is completely arbitrary; it is

possible to compute the confidence intervals for any desired level of con-

37

fidence.138 Recall that for anya €(0,1), Pl—zg2 < Z < zgp2l =1- ;137 see
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134 Recall Example 66.

°Make a drawing!

135 One important note on confidence in-
tervals: a “95% confidence interval” for p
does not mean that p has a probability of
95% of belonging to this interval; in fact,
there are no random variables involved to
make a probabilistic statement. What it
says is that when using this method, in
95% of the cases, the interval will in fact
contain the true mean u (but we will miss
it 5% of the time).

36 In practice, one would like the confi-
dence to be high, but the interval not to be
too wide.

137 For a € (0,1), zq is the value such that
PlZ < zg] =a.
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Figure 20. In the computation of the 95% confidence interval, we used the
fact that for @ = 0.05, z4/2 = 20,025 = 1.96. Following the same computa-
tions, we can generalise the idea to any confidence 1 — a: the 100(1 — a)
percent two-sided confidence interval for p is

(%~ Zas2 =, % + Zaj2 =)

X—2q2——, X+ Zq/2—=).

al \/ﬁ al \/ﬁ

Similarly, the one-sided confidence intervals for the same level of confi-
dence are (x — z, \/Lﬁ,oo), and (—oo, X + 24 \%), respectively, where X is the
observed sample mean.

Example 72. Suppose that in Example 70° we are interested in the 99%
two-sided, and one sided upper confidence interval estimates for . Then,
knowing that zg go5 = 2.58 and zp 01 = 2.33, we get that these intervals are
9 +2.582/3 = (7.28,10.72) and (9 — 2.332/3,00) = (7.447,00), respectively.

SOMETIMES, WE ARE INTERESTED in finding a small confidence interval,
without reducing the level of confidence. For example, we may want to
guarantee with 99% confidence, that y is within an interval of length 1.138
Since zp 005 = 2.58, the 99% confidence interval for y over a sample of size
nis (x - 2.58\%,? + 2.58\%), which has length 5.16\%. Thus, to obtain an
interval of length 1, we need to choose an n such that 5.16% = 1; that is,

v
n=(5.160)2.139

Example 73. A packaging machine fills a product to a random weight with
unknown mean and standard deviation of 0.5kg. To be 95% certain that
our estimate of the mean is correct to +200g, then we need a sample size
nsuch that 1.96-% <0.2.1" Thatis, n> (9.8-0.5)* = 4.9> = 24.01. A

SUPPOSE NOW THAT WE want to construct a confidence interval for u
from a sample of a normal distribution with unknown mean and variance.
Since o is unknown, we cannot simply build a standard normal distribu-
tion as before.'4! However, for the sample standard deviation S, 142 e
know from Corollary 68 that \/ﬁ(‘a’{T_“) is a t-random variable with n -1
degrees of freedom.” Thus, for every a € (0, 1),

(Z-w
P|—tqi2,n-1< \/ZT <tgrn-1|=1-a.

Following an analogous argument as for the normal before, if X and s are
the observed values for Z and S, respectively, we can say with 100(1 — @)
confidence that y € (X — tq/2,-1 \/iﬁ,f+ ta/2.n-1 \%).143

Example 74. °Consider again Example 70, but with an unknown noise
variance. To compute a 95% confidence interval for the signal u, we use

n 2_q(+)2
again ¥ = 9, and compute §2 = M = 95,14 that is, s = 3.802.
Knowing that £y 0258 = 2.306, a 95% confidence interval for u is
3.802 3.802
9— 2.3067,9 + 2.3OGT =(6.63,11.37). A

Similarly, we can compute the one-sided upper and lower confidence
intervals, respectively as (X — t4, ;-1 \/iﬁ,oo) and (—oo, X + fg,n-1 \/iﬁ).

al2 al2
| | |

—Zay 0 Za,

Figure 20: P[-z4/2 < Z<zgpl=1-a.
°xX=9,n=9

138 In this case, the only parameter that we
can manipulate is the sample size.

139 This can be generalised to other levels of
confidence in the obvious way.

140 Remember that zg 25 = 1.96.

141 By saying that v/72(Z — ) /o ~ A (0,1).
MS=y1 (X -Z)/(n-1).

°We know that /7(% — p)/o ~ Z and that
(n— 1)32/0'2 ~ X?q—l' So

V(% -wlo
(n-1)8%/(c%(n-1))

~Tp-1.

43 Compare this for the case where the
variance o is known: the formula is essen-
tially the same, but now we use an estimate
for o, and need to correct through a ¢ dis-
tribution.

°Can be skipped if data is not available
from before.

144 Recall that we have previously shown

that (n-1)S2 = Z?:l %l.z - nfz.



To recall, when the standard deviation is known, the computation of
the confidence interval is based on the fact that v7(Z — w)/o ~ A (0,1),
while when o is unknown we estimate S, and use that \/ﬁ(f— WIS~ ty-1.
Notice that the confidence interval does not need to be larger when o is
unknown. In fact, it is completely possible that the sample variance turns
out to be much smaller than the population variance. However, we can
show that the mean length of the interval is larger when o is unknown.
More precisely, we can show that ¢4 ,—1 E[S] = z40.

For this section, we have assumed that the sample was taken from a
normal distribution. Using the Central Limit Theorem, we can extend
these results to any population distribution, provided that the sample is
large enough. Indeed, in that case, v72(Z — w)/o will be approximately
normal, and hence vn(Z — W) /S will approximate a ¢.

CONSIDER NOW A SAMPLE from a normal distribution with unknown p
and o, which we want to use to predict the value of a newly sampled ele-
ment.'*® A natural point predictor for that value is the sample mean % .
If we want an interval predictor, we can notice that Z is a normal with
mean ¢ and variance 0?/n, and is independent of Z;,.1 ~ N (W, 0?). Thus,
Xps1 - X ~ N (0,0%/n+0?) or, in other words,

3{',”1—?
ovVl1+1l/n

Since o remains unknown, we need to estimate it too. As before, using the

~ N (0,1).

sample variance $? = ¥ (%; - %)?/(n - 1), which is independent of the

previous random variable, %6 we can conclude that
%n+1 -x ¢
.
sVi+iin

Hence, we get that for any a € (0,1)

1-a=P|-tarn-1< ———=<tla2,n-1
Y V7

=PlZ — tajon1SVI+1/n< X1 <X + tasan1SV1+1/nl.

<%'n+1_y ]

In other words, if X and s are the observed values of % and S, respectively,
we can predict with 100(1 — a) percent confidence that

Xn+1 € (f— tar2,n-1SV1+1/n, X+ tg2,n-1SV1+ lln).

JUST AS WE DID for the mean, one can also construct confidence intervals
. . 2

for an unknown variance o2. In this case, recall that (n— 1) (% ~ )(i_l.l‘”

Since chi-square distributions are not symmetric and are positive,'4 we

need to be careful when building the confidence intervals. In this case,

2 S _
l-a=P|x1_qpn1=— 1)0— = Xaiz,n-1

(n—1)82 s (n—1)82 ]

=P|— =3
Xaiz,n-1 X1-ai2,n-1
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145 That is, we observe %1,..., %5, and we
want to predict the value of Zj,41.

146 See Theorem 67.

47 Theorem 67.

148 A chi-square is a sum of squares, so it
must take only positive values.
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In other words, if s is the observed sample variance, then a 100(1 — a)
confidence interval for o is

(n-18%* (n-1)8?

2 '3
Xarzn-1 X—arzn-1

One sided intervals can be computed following the same ideas.

Estimating the Difference of Means

CONSIDER NOW TWO INDEPENDENT samples &7,...,%, from a normal

population with mean g, and variance a?, and 24,...,%,, from a different

normal population with mean p, and variance ag. We want to estimate

1 — pi2. 149 It can be shown that Z — % is the maximum likelihood estima- 149 For example, if we want to know if a sys-

tor for 1 — pip, where Z and % are the sample means. tem s faster than another.
To find confidence intervals, we need first to understand the distribu-

tion of & —%. We know that & ~ JV(yl,U%/n) and % ~ ./V(pg,d%/m).

150 150 Remember that the sum of independent

normals is a normal.

This means tha

T-T~ N %, %
- ~ - ,—+—1,
H1— M2 m
and hence o
X - -
(k1 — p2) A1)
o2 o2
B

If the two variances are known, then it easy to verify that the two-sided
and one-sided 100(1 — &) confidence interval estimates for y; — u» are, re-

spectively,
. o1, %% - o1, 9
X=YV—Zgp\| —+—,X—y+zZap\| —+—|;
n o m n m
— oi %
—00, X =Y+ 2q/2\/ —+—=];and

n m

ol %
X=Y—Zgp\|—+—,0|;

m

where X and y are the observed sample means.
If the variances are unknown, then we can try to use the same idea of
estimating them through the sample variances

n —_—
=Y (Xi-X)/(n-1)
i=1

m —
5= @-X)(m-1),

i=1

X (1 +u2)

\/S2In+S5/m

not know how this random variable is distributed. Unfortunately, this dis-

and use to construct a confidence interval. However, we do

tribution is very difficult to understand in general. So we focus on the spe-

151 151 This is, in fact, the only case that we can

feasibly handle.

cial case where o1 = 0.



Suppose that the population variances are both equal to an unknown

o2. In that case, we know!%2

82
(n— 1)0—; ~ X1
SZ
(m=1)—3 ~ X1

Independence of the samples implies that these two chi-square distribu-

tions are also independent, and hence!>3

2 82
(n- 1)0—5 +(m-— 1)0—22 ~ X2 s

We have also already established that

X =W — (1 — i)

a2, a2
n m

~H(0,1),

and that &, %, S1, and S, are independent random variables. Define now

Szz(n—l)s§+(m—1)sg
P n+m-2 '

Then it follows that!®*

~(-p) _ Z-Y (M_M)/W
,/52(1/n+1/m) Vo?(l/n+1/m)

is a t-distribution with n + m — 2 degrees of freedom. Thus, the 100(1 — a)

confidence interval for p; — iy is'®®

(3—7— tar2n+m—2SpV1Nn+1/m,X =y = tap2nem-25pV1in+ l/m).

WE NEEDED TO ESTIMATE the unknown variance o2 to compute this con-
fidence interval. In this case, we had two different samples that provided
two estimates for this variance. The estimator S%, used is the weighted av-
erage of the two sample variances where the weights are proportional to
their degrees of freedom. In general, this is called the pooled estimator.

Approximate Confidence Interval for the Mean of a Bernoulli

SUPPOSE THAT WE WANT to estimate the parameter p of a Bernoulli. If
Z denotes the number of successes observed in a sample of size n, then
& is a binomial (n, p). If the sample is large enough, we know that & is
approximately a normal with mean np and variance np(1 — p). Thus, for
ac(0,1)

X —-np

—Zq2 < —F/—/————=<2q/2
vaupl-p)

Then an approximate confidence region for p is

X —-np
P|=2a2 < —F—————=<Za/2 (-

vnpl-p)

P =1—-a.
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152 See again Theorem 67.

153 Recall that the sum of two independent
chi-squares is a chi-square with degrees of
freedom equal to the sum of the degrees of
freedom.

2 2
5 (n+m-2)$5 /0% = (n- D}+(m-1)-%

%5 The one-sided intervals can be easily
derived in the same way.
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However, this is not an interval. In order to find an interval, consider

p =% /n. Since p is the maximum likelihood estimator of p, it should be
X -np

v np(-p)

is still approximately a standard normal RV. This implies then that

p [ﬁ-za,z\/ﬁa-ﬁ)/m p< ﬁ+za/2\/ﬁ(1—ﬁ)/n] ~1-a,

which yields the (approximate) confidence interval for p.

approximately equal to p, and \/np(1—p) = \/np(1 - p). Thus,

Example 75. A poll result expresses that 52% of the population favours
a candidate with a margin of error of +4%. Knowing that polls are com-
monly expressed as 95% confidence intervals, what does this statement
mean, and what can we say about the size of the poll?

Solution. A 95% confidence interval for the proportion p of people in
favour of the candidate given a sample of size 7 is

P+ 20005/ P(1— p)/n=0.52+1.96v0.52-0.48/ n.

Since the margin of error is +4%, we can conclude that

1.96v0.52-0.48/n = 0.04.

2
L0, 05200, 1 (éo(ﬁ?z)(o.m) =599.29. That is, approxi-

mately 599 people were polled. A

Which, solving for n yields n =

AS BEFORE, WE MAY be interested in finding a confidence interval of a
bounded size b, and need to find out the size of the sample needed to
achieve this. Notice that the length of this interval is 2z4/21/p(1 - p)/n.
Unfortunately, we do not known p (or even p) in advance, so we cannot
use this bound to determine the right size n. The trick in this case is to
start with a partial sample. With the first sample, we compute an estimate
p* of p. Then, using p* as an approximation for p (and p), we compute
the desired sample size by solving

b=2zq/2v/p*(1—-p*)/n
b* = (2zar2)*p* (1= p*)in

_ Rzap)?*p*1-p*)
n= b2 .

If the original partial sample had k elements, then we need to find an ad-
ditional sample of n — k elements.
Alternatively, notice that the 100(1 — a)% confidence interval of p will

2
have length b if n is at least % p(1 — p), which is maximised when
2
p = 1/2. Thus, any sample size n = ZZ? will be such that the confidence
interval has length at most b.%6

156 This sample will often be too large in
comparison to the bound found before,
but it requires no preliminary sampling,
and no additional computations.



Hypothesis Testing

HYPOTHESIS TESTING IS A close relative to parameter estimation. The
difference is that, rather than trying to find out the unknown parameters
of a distribution, hypothesis testing tries to verify—or refute—a statement
(hypothesis) about these parameters.'>” For example, we can try to verify
whether the mean height of unibz students is 200cm by taking a sample
and computing their height. We want to develop a procedure that veri-
fies whether the observed values are consistent with the hypothesis. If the
value derived from the sample is inconsistent with our hypothesis (e.g. we
get a sample mean of 170cm), then we can reject the hypothesis. Other-
wise (e.g., if the sample mean is 198cm), we cannot.!%8 Usually, we will
want to test the opposite of our hypothesis, to be able to reject it.

Significance Levels

SUPPOSE THAT WE WANT to test a hypothesis Hy about a parameter 6.
We often call Hy the null hypothesis.'">® For example, if 6 is the mean of a
normal distribution, one could generate hypotheses such as

Hy:0=1 or Hy:0<1.

Notice that the latter, when true, will not specify the distribution of the
population. A hypothesis of this kind is called composite as it refers to a
set of possible values. A hypothesis that fully specifies the distribution,
like the former, is simple.

Given a sample of size n, we need to decide when to reject the hypoth-
esis. Formally, a test for Hy is defined through a region in R”, called the
critical region. The idea is that C defines the region where Hy will be re-
jected; i.e., we reject Hy if the sample (%7,...,%,) € C. One common test
for the hypothesis that the mean 6 of a normal with variance 1 is 1 is the

critical region'60

C={Z1,.... &) 1% — 1| > 1.96v/n}.

That is, we reject the null hypothesis 6 = 1 if the sample mean differs from
1 by at least 1.96/7.°

Recall that the idea is to check whether Hj is consistent with the obser-
vations in the data. So we should only reject it if the data is very unlikely
when Hy is true. We do this by specifying a value «, called the significance

571t is a hypothesis because it is not known
whether it is true or not.

158 In the literature, people often speak of
accepting a hypothesis. This is a confus-
ing use of the word that lead to misinter-
pretations. When one rejects a hypothe-
sis, it means that there is strong evidence
against it. In that sense accepting a hy-
pothesis would mean only that there is no
evidence against it (but there may also be
no strong evidence in its favour).

159 As mentioned before, the null hypothe-
sis is often the opposite of our claim and
we want to reject it.

160 Compare this with 95% confidence in-
tervals.

°Say something about Type I and Type II
errors: rejecting Hy when it is correct, and
not rejecting it when it is wrong.
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level such that Hy has probability at most a of being rejected when it is
true.'®! It is good practice to decide this a in advance; in life sciences this
is often set to 0.1,0.05, or 0.005.

The usual approach to hypothesis testing is the following. Given a hy-
pothesis Hy : 8 € w, where w is a set of parameter values, we find a point es-
timator 6 for 0, and reject Hy if 6 is far from w. Obviously, the specific dis-
tance required depends on the distribution of # under the assumption of
Hj being true, and on the desired significance level. For example, the crit-
ical region computed before rejects the hypothesis if the sample mean'62
is further than 1.96/+/z from 1. This was chosen to meet the significance

level @ = 0.05.

The Mean of a Normal Population

CONSIDER A SAMPLE FROM a normal population with an unknown mean
u and a known variance . Suppose that we are interested in testing the
null hypothesis Hy : ¢ = o against the alternative hypothesis H; : u # po,
where 1 is a given constant. We would like to reject Hy if the sample mean
& is far from ; that is, we want to define a critical region of the form

=X, T | 1% —pl > ¢},

where c is some suitably chosen constant.

If we are interested in a given significance level a, we need to find the
value of ¢ that makes the probability of type I error to be a; that is, we want
a ¢ such that!63

PUZ — ol > ¢ | = pol =

\f(% V(& -po) .

If 4 = p1g, then & ~ A (g, 0%/ n); equivalently, Y2~#% js a standard nor-

mal distribution. Thus, we are searching for a ¢ such that

[ R

vn

or equivalently, P [Z > CT] = a/2. This is solved by setting %ﬁ = Zq/2;

Zq/20
SV
iff |2 — ol > % (see Figure 21); or equivalently, if ‘%ﬁl@— Lol > zq2.

ie, c= This means that the significance level «a test is to reject Hy

Example 76. We want to test the hypothesis that a normal random vari-

able & with variance 4 has mean 8.1%4 From a sample of size 9, we obtain

Z =9.2. Given a significance level a = 0.05, we compute the test statistic
g@— ol = %(1.2) =1.8.

Since this number is not greater than zp 25 = 1.96, we cannot reject the

hypothesis.!6° A

One important question is what is the right significance level to use.
The specific choice depends on the application, but to be fair and correct
it should be decided before the test is made, and not adapted to fit our de-
sired conclusions. Importantly, a lower significance level makes it harder
to reject the hypothesis, decreasing our chance of error in that case.

61 That is, we bound the probability of
error of type I—rejecting Hy when it is
correct—by a.

162 That is, the point estimate for the mean.

163 Assuming that p = o (that is, Hp
is true), the probability of rejecting Hy
should be a.

Figure 21: Critical region for a test.
164 That is, Hy : 4 =8.

15 Notice that if we had chosen a more
liberal significance level (like 0.1) then we
could have rejected Hp, but under the un-
derstanding that the probability of error of
type I would increase (from 5 to 10% in this
case).



The hypothesis test computes first the test statistic v := \/?ﬁ |§— tol, and
rejects the null hypothesis Hy : u = pg if @ = P[|Z| = v].16% The probability
P[|Z] = v] is called the p-value of the test. It provides the critical signifi-
cance level in the sense that Hy will be rejected iff the significance level a
is greater than or equal to the p-value.”

Example 77. In Example 76 we have computed the test statistic to be®

?@—uol =18.

Then, the p-value is P[|Z] > 1.8] = 2P[Z > 1.8] = 2:0.036 = 0.072. This
means that the null hypothesis Hy : n = 8 will be rejected for any signifi-
cance level a > 0.072.167

Suppose that instead of 9.2 the sample yielded Z =10.4. Then, the test
%ﬁlf— ol = 3.6, which gives the p-value 2P[Z > 3.6] = 0.0003.

The hypothesis would be rejected even for very low significance levels. A

statistic is

ANOTHER TYPE OF ERROR is called type II: not rejecting a wrong hypoth-
esis.!%8 In the case of hypotheses for the mean y of a normal, we define
the function®

o . . _ %—,Lt()
B(w) := P[not rejecting Hy | u] = < Zgp2l p
U/\/ﬁ
—Ho
=P|- < <
Zq/2 U/\/ﬁ Za/2 | N]

The function B(u), called the operating characteristic (OC) curve, describes
the probability of not rejecting Hy when the true mean is .
Recall that % is a normal with mean p and variance o?/n. In other

words, = \F ~ N (0,1). This means that169°

) =P, —za/zs%/:/_‘: < Zar2
=Py |=zar2 a/li/ﬁs %;/Iy_;# al2—
=Py Z“/Z_cr/lj/ﬁsz_a/u\o/ﬁszalz_—n
=Py 5(;:/;—%/2525 'u(;\_/ﬁ+za/2
-p, |z l;o/:/_+za/2 —-Py|Z< I;O/\_/—_Za/Z

Ho— Ho—H

=P +2a12| - P|——=—2q/2]-
(U/\/_ a/Z) (U/\/ﬁ a/Z)
The precise values of this function obviously depend on the significance
level a. For a fixed significance level, the OC curve is symmetric around
1o and depends on g, and its relation to the hypothesis p.° It reaches its
maximum 1 — a at u = yo and decreases as u gets farther away from this
point.

Example 78. Continuing Example 76, suppose that we want to compute
the probability of not rejecting the null hypothesis Hy : © = 8 when the true
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166 The probability that a standard normal
distribution is farther away than the test
statistic.

°Emphasise this, and the definition.

X ~ N (,4), X =9.2,n=9, a=0.05.

167 Recall from Example 76 that the test was
not rejected with @ = 0.05, but would have
been rejected with @ =0.1.

1% In our case, failing to reject it when it is
wrong.

°u is the true mean.

' We use Py to say that this probability
depends on the actual value of p.

°We are just trying to solve for Z.

°Add figure of the OC: looks a bit like a nor-
mal.
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value of the mean is 10.17° Then we compute ‘/75 (Lo— W = %(8 —-10)=-3. 170 Recall from Example 76 that the sample

Using the significance level a = 0.05, since zg 25 = 1.96 the probability is sizeis 9 and the variance is 4.

B(10) =D(-3+1.96) —D(-3-1.96) = D(—1.04) - ®(-4.96) =0.145. A

The complement of the OC curve, 1 — B(u) is called the power function
of the test. It expresses the probability of rejecting the hypothesis when
the true value is p.

THE OC FUNCTION IS used to determine the size of a sample needed to
guarantee properties of type II errors. Suppose that we want to guarantee
that the probability of not rejecting Hy : p = o is approximately . For

each constant u;, we want to find an n such that f(u1) = B.17! That is, 17 Recall that the OC function depends on
.
Ho—
D + Z, 2) 0] ( -z /2) .
b= ( olvn ol olvn *

Unfortunately, we cannot solve this problem analytically. To approximate
n, we can use the following reasoning. Suppose (w.l.o.g.) that y; > po.
Then o — 1 <0 and hence

V(o — 1)

g

—Ra/2 < ~Zal2-
Since the cumulative density function ® is always increasing, we get

® V(o — 1)

. _Zalz) < ®(—2zq/2) = PlZ = —2zq;2] = P[Z 2 zq2] = a/2.

Assuming that a is small enough—as usually done when dealing with con-
fidence levels—it follows that ® (w —2q /2) ~ 0, which means that

(\/_(“0 #) +za/2). M

prd
Notice that § € (0, 1), which means that
B=PlZ>zg] = P[Z < —zg] = D(-zp).

Together with (1), it follows that we want some n such that

D(-2p) = @ ‘/_(“0 ALl VAN PR
(ko — p1)
_Zﬁ:%wm

Solving for n then yields

(2 + Zas2) 0
T (o — )2
Example 79. Continuing Example 76, if we want the 0.05 level test for the

hypothesis Hp : ¢t = 8 to have at least a 75% probability of rejection when

i =9.2, then we need a sample of size! " 172 Recall that B is the probability of not re-
jecting; in this case f = 0.25. Recall also

N (Z().25 + Zo_ozs)z -4 _ 4(1.96 + 067)2 —19.21 that zg 925 = 1.96 and zg 25 = 0.67.
T (8-922 1.22 T

Thus we need a sample of size 20. Let us confirm this using the OC func-
tion. If the true mean is 9.2, and p = 8 then!” 173 Recall that S(y) is

o — o —
D + D — .
( NG Z‘”) (a/\/ﬁ Z“’z)




V20(8-9.2) N

p9.2)=0 1.96| -®

V20(8-9.2) 1‘96)

=®(-0.723) - ©(—4.643) = P(-0.723) = 1 - ©(0.723) = 0.235.

Thus, in this case, if the true mean is 9.2, there will be a 76.5% chance of
rejecting the null hypothesis Hp : u = 8. A

THROUGHOUT THE PREVIOUS ANALYSIS, we considered a test that would
reject whenever the observed sample mean is far away from the hypoth-
esis mean, in any direction. Sometimes, a more meaningful hypothesis is
to bound the mean e.g. from above. In this case, our null hypothesis will
be of the form Hy : u < pp and should be rejected only if the estimate of u
is much greater than pg, but not if it is much smaller.!” In other words,
the critical region becomes

C={(%1,.... &) | X — o>},

for a suitably chosen c.!”> For the test to have a significance level a, we
need that!7®
PI¥ —w>clp=uwl=a.

As usual, we use the fact that X~ N (u, 02/ n); thus if the true mean is Ko

then @ ~ ¥ (0,1). We want a c such that P [Z > @

N
g

= a; that is

= zg, 0177

200

n
Hence, the test is to reject Hy iff X - Uo > zq0/+/n. This is the one-sided
critical region.

To compute p-values in a one-side test like this one, we proceed as be-
fore: first use the data to compute the statistic v/72(Z — o) /0. The p-value
is the probability that a standard normal distribution is at least as large as
this number.' "8

Example 80. Consider again Example 76,° where we want to test the hy-
pothesis Hy : p < 8. The test statistic is \/ﬁ(y— to)/o =3(1.2)/2 =1.8.
Then, the p-value is!” 1 — ®(1.8) = 0.036. This means that the test will
reject Hy for any significance level above 0.036. A

The OC° function of the one-sided test f(u) = P[not rejecting Hy | p]

can be computed accordingly, dependent on the significance level a, by'8°

B(W) = PIX < o+ zq0//n] = P

VAZ - _ \/ﬁ(uo—u)+Za]
g g

=P[ZSM+Z
g

. :(D(\/ﬁ(uo—ﬂ) +Za)

o
Notice that § decreases as u increases. Recall that ®(z,) = 1—a. Thus,
Blpo) =1-a.

In the construction, we used the condition p = yy to test the hypothesis
Hp : p < po. We need to verify that this test does preserve the significance
level a; i.e., that when Hj is true, the probability of rejecting is bounded by
a; equivalently, we may verify that 1 — B(u) < a holds for all u < ;'8! or
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174 The latter case would fall inside our hy-
pothesis.

!> Remember that the critical region is
the area of the input variables where the
null hypothesis will be rejected. Compare
this to the two-sided critical region from
Page 60.

176 The significance level is the probability
of error of type I: rejecting the hypothesis
when it is true. Notice that the condition-
ing is still w.r.t. g = pg. This refers to the
extreme case; if the actual mean is smaller
than pg it will be harder to reject the hy-
pothesis.

77 Compare again with two-sided confi-
dence intervals.

B I y = /(X — o)/ o is the test statistic,
then the p-value is P[Z = v].

°Normal random variable with variance 4.
With a sample of size 9, Z = 9.2.

" The p-value in this case is P[Z > 1.8];
see note 178.

°Operating Characteristic
8 Under the assumption that the true

mean is g, M ~N(0,1).

181 Remember that the OC function f(u)
expresses the probability of not rejecting
Hy if the true mean is p.
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alternatively (i) = 1—-a. By the previous discussion, we know already that
for all p < o, B() = B(uo) = 1 — a. Thus, this test does have a significance
level of a for the hypothesis Hy : p < pp.

JUST AS WE HAVE done for u < o, it is also possible to introduce a one-
sided test that bounds the mean by below. In this case, we would reject the
null hypothesis Hy : p = i with significance level a iff ‘@(@— o) < —2zq,
and the p-value is equal to the probability that Z gets a value under this
test statistic.

Example 81. A bottled water company claims that its water contains in
average less than 8mg of sodium per litre. A sample of 25 1-litre bottles
yields an average of 7.5mg of sodium. What can we conclude, with a sig-
nificance level of 5%, if we know that the standard deviation of sodium
content is 1.8mg?

Solution. Remember that the only relevant thing that can be done through
hypothesis testing is to reject the null hypothesis. Thus, in order to support
the claim that the average is less than 8mg, we try to reject the opposite
claim; that is, we intend to reject Hy : it = 8. The test statistic is

VI - po)lo=5(7.5-8)/1.8=—1.389,

and hence the p-value is P[Z < —1.389] = 0.082. Since this number is
greater than 0.05, we cannot reject at 5% significance level the null hy-
pothesis: the evidence is not strong enough to support the claim. A

SO FAR WE HAVE considered a known population variance o?. If the vari-
ance is unknown, but we still want to test the hypothesis Hyp : p = o for
some constant i, 82 we want to reject Hy is the sample mean is too far
from pp, but we need an adequate notion of being far. In the previous case,

VI(Z — o)
g

we used the fact that Z is a normal to reject whenever ‘ | > Zg/2-

As o is not known anymore, we use its maximum likelihood estimator S.
To achieve a significance level a, recall that if u = yg, the RV w
has a t-distribution with n — 1 degrees of freedom. In particular,

VI — o)
P—tqi2,n-1< Tp <tgipn-1|=1-a.

Thus, we reject Hy (with significance level a) iff

(% — o)
’% > ta/2,n-1-

If ¢ is the observed value of the test statistic T = w, then the
p-value of this test is the probability that | T| exceeds |£].183 This p-value
tells us the significance levels at which the null hypothesis will be rejected.

Example 82. A worried neighbour claims that students drink an average
of 3 litres of beer every night. To investigate this claim, 25 randomly se-
lected students are observed. The observations yield a sample mean of
2.911 and a sample standard deviation of 0.471. To verify the claim, we test
the hypothesis Hy : i = 3. The test statistic is

VA& —p)  5-0.09
- S © 047

T =0.9574.

%2 This is not a simple hypothesis any-
more, because it covers a large space de-
pending on the values of 0.

18 The probability that the absolute value
of a t random variable with n—1 degrees of
freedom is larger than |z|.



The p-value for this test data is
P[|T>4| > 0.9574] = 2P[T»4 > 0.9574] = 0.3479.

In other words, the only way to reject this hypothesis is to incur in a very
high significance level (that is, increase the probability of error of type I).
This experiment is consistent with the hypothesis. A

One-sided hypothesis tests are built in the obvious way. Hence, the hy-

ff \/ﬁ(ys*/lo)

pothesis Hy : p < po will be rejected i > ta,n-1-

Equality of Means of Normal Populations

OFTEN, WE WANT TO compare two approaches; for example, whether two
software systems are equally efficient. This is usually verified by testing
whether two normal populations have the same mean.

Let 1,...,%, and 2, ...,%,, be two independent samples from nor-

2
— — @.

We want to test the hypothesis Hy : g = pay. Obviously, Z — % is an esti-

mal RVs having unknown means pg, o, and known variances 02%,0

mator for pg — oy . Rewriting the null hypothesis as Hy : po — oy =0, we
would like to reject Hy if & — % is far from zero; i.e., if |Z —%| > ¢ from
some suitable c.

Since & and % are independent normal distributions, we know that

_ — 2 2
X - ~N (,ugg — Uy, UT% + ‘%’);184 or equivalently,

X -V — (g — poy)

~N(0,1).
2 2
— — o2 o2
If Hy is true, then pg — poy = 0 and so (X — %) T%JFWJ ~ Z. Then,
X -u
Plozyps———<z4pn| =1-a.
o o2

In other words, for a significance level a, we reject Hy : pg- = play iff18°

2 -
———— = 2qg/2.

Following the same idea, the hypothesis Hy : g < pa will be rejected
with significance level a iff

2 2
- — o g
X - >z, L+ 2.

n m

SUPPOSE NOW THAT THE variances of the two normals & and % are un-
known but equal to a value 02.18¢ To find an adequate critical region, we
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184 Remember that the sample of & has
size n and that for % has size m.

85 The test statistic (which is useful for
computing the p-value) is the left-hand
side of this inequality.

186 : 2 _ 2 _ 2.
Thatis, 0° = 0 =0y ; seenote 151.
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first estimate the value of o2. In this case, we can use the sample variances

SZ _ Z?:l(%i _y)z
a n-1

, I @ -FY

s ===~
m-1

and the fact that!8”

X - — (par — i)
~ Inym-2,
\/S5/n+1/m)

where S% is the pooled estimator of 02.188 Then, if the null hypothesis
z-%

\/S5(/n+1/m)

n+ m— 2 degrees of freedom. Thus, we reject this hypothesis iff

Hy : pg = pay is true, the statistic has a t-distribution with
Z -

_— ta/Z,n+m—2-

\/ S5/ n+1/m)

The p-values and the one-sided hypothesis tests can be derived in an
analogous manner.

187 See page 57.
2 2
188 82 _ (nfl)Sg{Jr(mfl)S@
p n+m-2 .



Regression

IN HYPOTHESIS TESTING AND parameter estimation, we are concerned
with understanding a single random variable.'® In practical applications,
we often want to understand the relationship between two or more vari-
ables. For instance, the relationship between age, type of work, and the
number of accidents they have in a year.

In regression, we consider a single response variable (also known as de-
pendent variable) % that depends on a set of input (or independent) vari-
ables %1,---,%;1-190 Our goal is to understand this dependency; e.g., to
predict, given the age and job description of a person, their likelihood of
having an accident. The simplest such relationship is linear. That is, where
% =Po+P1&1+ -+ Pr, for some B; € R,0 < i < n. If this relationship
was precise, then from n+1 data points we could compute the exact values
of the f;s, and from them predict the precise response given the values of
the input variables. In practice, we expect the response to be affected by a
random error. That is, we have

W =Po+P1&r+ -+ Pyt

where ¢ is a RV with mean 0. That is, E[%¥ | Z] = Bo+Br &+ + P10t
This defines the linear regression of % on the independent variables &;.
In this case, the values f;,0 < i < n are called the regression coefficients.'%?

The question now is how to obtain these coefficients.

Least Squares Method

WE ARE INTERESTED IN estimating the parameters of a linear regression
model. For a simple regression problem with estimated coefficients a = q,
B = b, and an observation x; of the input variable, the response should be
¥y = a+ bx;. Due to the random error, the response will in fact be a value y;
that may differ from this prediction. Given a set of n data points, we want
to choose the estimator that minimises the sum of the squared errors. That
is, we want to minimise SS = Z;’zl(yi —a- bx,-)z.193 To achieve this, we
equate the partial derivatives of SS w.r.t. the variables a and b to 0.

0SS &

0= oa —ZE(J’i—a—bxi)
0SS n

0= :—Zin(yi—a—bx,-),

BECE =

' The only exception we have seen is in
testing the equality of means of two RVs.
However, even in that case, we only check
whether the means are equal or not, with-
out trying to understand the relation be-
tween the two.

19 Notice the abuse on the naming. In-
dependence in this case refers to the re-
sponse, and has nothing to do with prob-
abilistic independence.

191 7 denotes the whole set Z71, ..., Zn.

921f there is only one independent vari-

able % = a + X + ¢, we speak of a simple
regression.

19 The name SS comes from “Sum of
Squares.”
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or equivalently,
n n n n n 2
Zyi:na+b2xi, inJ/iZCZinerin-
i=1 i=1 i=1 i=1 i=1

These are known as the normal equations. Substitutingy =Y.', y;/n, and
x= Z;’:l x;/n, the first equation becomes a =y — bx. We can now substi-
tute this value in the second equation to get

n n n n
Y xiyi=G-b0 Y xi+bY x}=ynx-bxnX+b ) x%,
i=1 i=1 i=1 i=1

and hence
. __
YL Xiyi—nxy
2

- n 2 —

2 X5 —nx

The line a + bx, where a, b are computed from data using these equations
is called the estimated regression line.

Estimator Distribution

SO FAR WE HAVE only assumed that the random error has mean 0. To
study the properties of the estimators, we further assume that these errors
are independent normal RVs with variance o?. This means that given the
input values Z; the responses %; are independent normal RV with mean
a + BZ; and variance o.194

The least squares estimator b of § can be expressed as

n
Y (xi—=X)yi
n ,2_ =2’
X7 —nX

which is a linear transformation of independent normal random variables

%;, and hence also a normal RV. We compute its mean and variance.19®

Yio (i —DElyi]l X[, (6 = %) (a+ px;)

E[b] =
?=1 xl2 - n}z ;lzl xl? - n}Z
CaXl (X)) + P, xi(x; —X)
n L x2—nx’
2 —
oy o Xy XX X "
- n xz_niz
i=1%
=p
Var(h) = Var (L, (i —®yi) L, (-0 Var(y)
B —2\2 —5\2
(EiL, x7 - nx°) (X7, %2 - n%2)
_ 0'22?:1(%' _EZ
(Z‘?:lxl?_nfz)z
2
o
Ty 22 €3]
" x2—nx

In particular this means that b can serve as an estimator of .19

3 4 5 6 7

Figure 22: Some linearly related data, with
its estimated regression line.

194 Notice that the variance o does not de-
pend on the input variable, but is a con-
stant associated to the error distribution.
This variance is not necessarily known,
and we must estimate it from the data.

195 Recall that Z? L& =%)=0(f). In addi-

tion, 2;'1:1(351' -%2= Yio1 x? —n% @).

19 An estimator whose expected value cor-
responds to true value being estimated is
called unbiased.
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Recall that a = Z?fl yiln—bx. Then a is also a linear combination of

independent normal random variables, and hence is also a normal. As we
did with b, we analyse the parameters of this RV.

Elal= ) Elyil/n-XE[bl=) (a+px)/n—pfx=a+px-px=a,
i=1 i=1
2\yn 2
Var(a): lei_z.
n(Xr, x7 —nx)

THE DIFFERENCES BETWEEN THE responses and their least square esti-
mators y; —a—bx;, 1 <1i < n, are called residuals. To estimate the error

2

variance o we use the sum of squares of the residuals

n
SSg=Y_(yi—a—-Dbx)>.
i=1

It can be shown that SSy is independent from A and B and that SSg/ o?is
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a chi-square with n — 2 degrees of freedom.'®” Thus E[SSg/0?] = n—2, or 197 The actual proof of these facts is outside

equivalently E[SSg/(n—2)] = o2, the scope of this course.
To summarise, if the responses y;,1 < i < n are normally distributed

with mean a + Bx; and (common) variance o2, then the least squares es-

. E—— =Xy
timates fora and fare a=y—bxand b = H,

i=17"i

respectively. These

estimators are normally distributed as well:

2\n 2
0" X1 %
%)

n(Xn, x?

a~JV(a,
i=1%

o?
b~N|p————|
(ﬁ i f—nYZJ

i=1%
Moreover, the sum of squares of residuals is a chi-square with n—2 degrees

of freedom, and is independent from a and b.

Statistical Inferences

WHEN CONSIDERING THE REGRESSION model % = a + & + ¢, an im-

portant question to ask is whether 8 = 0.198 Thus, we want to test the null 198 1f this is the case, then the response does

hypothesis Hy : 8 = 0 vs. the alternative hypothesis Hj : 8 # 0. Recall from notdepend on the input variable.
our previous discussion that (b-p/,/¢2/ 37 x2-nx* ~ N (0, 1)199 and is inde- 19 g ( B, %)

. Yi, xi—nx
pedent from SSg/0? ~ x2_,. Thus, we get that the variable =

VI, x2—nX*(b-p)lo \/(n_z)z;lzlxl? - n%*

= (b-B)
SSr SSR ﬁ
02(n-2)

has a t-distribution with n —2 degrees of freedom.°200 °Define at this point Syx = X1 | x,? - nX2.
If the null hypothesis is true (i.e., § = 0) then 200 Notice that we could not use the normal
distribution observed before because it
_ n 2 _ =2 depends on the unknown o2. Instead, we
(n-2) Zi—l xi nx ~ tys estimate this variance through SSg/(n-2),
SSr " but this requires the use of a ¢-distribution.
Thus, we reject Hy with significance }/201 if \/%Ibl > ty/2,n-2. The 21'We use here y to avoid confusions with

the regression parameter a.
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p-value can be computed as usual: from the test statistic v = % |bl,

the p-value is P[|Ty—2| > v] = 2P[Ty—2 > vl.
To get a confidence interval estimator for § we proceed as usual. Given
0 <y < 1, we know that

(n—2)Sxx
SSr

P|- ty/Z,n—Z =

(b-p)= ty/Z,n—Z] =1-7v.

Solving for f yields the 100(1 — )% confidence interval estimator of §

B SSk__, B+ SSe__,
(H—Z)Sxx Y/2,n-2» (n—Z)Sxx yi2,n-2|-

IF ONE IS INSTEAD interested in inferences concerning the parameter «,
one can proceed in the exact same manner. Indeed, we observe that

nmn—2)Syy
—on S a—a)~tho.
SSRYZ) X;

From this fact, we can derive confidence intervals, and hypothesis tests,
alongside their p-values.

SUPPOSE NOW THAT WE have a given input value xy and we want to pro-
duce a confidence interval or test a hypothesis about the mean response
w.r.t. this value. Since we do not know the parameters a, 8, we can esti-
mate them through a and b as before. But to obtain a meaningful confi-
dence interval, we must understand the distribution of a + bxy.

Note that a+bxo =y-bE-x0) =X, yi (Vn—c(x; = %) (X - x0)), where
cis a constant.?92° Each y; is an independent observation of a normal ran-
dom variable, and all the other parameters in the expression are constants
given the data. Hence, a+ bxy is alinear combination of independent nor-
mal random variables, which means that it is also a normal itself. Now we
just need to know its mean and its variance.

Ela+ bxy] = Ela]l + xoE[b] = a + Bxo
n
Var(a+bxg)=)Y_ (Yn—clx; =% (x - xo))2 Var(y;)
-1
n
o? Y (Un2=2c(x; - D) x-x0)/n+ Ax; -0 (@ - xo)z)
i=1

n n
=0*|Un—2c(x-x0)/n Y (x; = %) + > (X~ x0)* Y (x; = )% |.
i=1 i=1

Since Y7, (x;—%) =0and ¥ | (x;—X)? = X, x2—nx* = /¢, it then follows
that
Var(a+bxo) = 0* (Un+ c(x - x0)?).
In brief, a+ bxo ~ A (a + Bxo,0? (Vn+ (X — x0)?/Sxx)). To handle the

unknown ¢?, recall that SSg/0? ~ y2_,. Thus

a+ bxp— (a+ Bxo)
Vn+ 0=%?/s,\/SSkIn-2

Using this fact, we can then build confidence intervals and hypothesis

~ lp_2.

tests for a + Bxp as usual.

202 Recall that
a=y+bx
be Z?zl (x;i —X)y;
n 2 2"
> i X nXx
The denominator of b is a constant that we
will call ¢ in the following analysis.

°Can use ¢ = 1/Syy as the latter has been
defined already.



Quality of the Model

WHEN TRYING TO MEASURE the variability of the response variable, one
can use the squared error Sy, = Y7, (y; — 7)2. In this case, however, there
are two different factors that influence the variability of the response. On
the one hand, each value y; depends on the input value x; that may be
different for each i. On the other hand, the response is a random variable
with variance ¢2.293

An important question is how much of this variation is caused by the
different input values, and how much depends on the inherent uncer-
tainty of the response. To answer this question, observe that the value
SSr=%X1_,(yi—a— bx;)? can be interpreted as the remaining squared vari-
ation once that the influence of the input values has been taken into ac-
count. Thus S, — SSgr measures the amount of variation that is explained
by the input values. We can then define the coefficient of determination

Syy—SS . . - .
R? := ”TyR, which expresses the proportion of variation explained by
the input values.

Obviously, R? is always between 0 and 1. Intuitively, a high coefficient
of determination (close to 1) indicates that most of the variation results
from the different input values, and the opposite holds for a low R?. This
value is used as an indicator of the fitness of the model: the higher R? is,
the regression model is considered to fit well the data.

NOTICE THAT LINEAR REGRESSION can be applied to any piece of data,
regardless of its shape. However, the quality of the model requires a linear
dependency between the variables. Sometimes a visual exploration suf-
fices to rule out the possibility of a linear model (see Figure 23). However,
a direct visualisation cannot deal with more veiled cases of non-linearity.
As ameans to assess the quality of the model, one can analyse the resid-
uals y; — (a+ bx;). Remember that each y; is a normal; a + bx; estimates
its mean, and SSg/(n —2) estimates its variance.?% Then, the standard-
ised residuals % should all be approximately distributed as a stan-
dard normal RV, and they are all independent. Then, approximately 95%

of these residuals should lie in (-2, 2),29°

and they should show a random
behaviour without any obvious patterns. Figure 24 plots the standardised

residuals from the first two data sets of Figure 23. The second plot shows

a pattern that suggests that the linear model is not adequate for this data.
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203 Even with identical values on the input
variable, the responses may be different.

20|

15|

10 |

10 |

5 10 15 20

Figure 23: Three data samples with their
linear regression fitting model. For the
third plot, the linear model is obviously in-
adequate.

204 Recall the assumption that the variance

of the error is constant for all input values.
25 p[-1.96 < Z < 1.96] = 0.95.

Figure 24: Residuals for the first two plots
in Figure 23. The first one appears ran-
dom, and hence is a good fit for the linear
model. The second shows a pattern that
suggests dependencies between the resid-
uals.
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Non-linear Responses

EVEN WHEN THE RESPONSE does not depend linearly on the input vari-
able, if the type of dependency is known one can sometimes transform
the variables to obtain a linear model. The usual scenario is when the re-
sponse variable grows exponentially on the input, that is, when the rela-
tionship is of the form w = ¢- d*, where ¢ and d are two constants that
we want to estimate.’® By taking the logarithm in both sides, we get
log(w) =1log(c) + xlog(d). This now looks like the linear model y = a + Bx.

At this point, we can use a standard linear regression process (that is,
least squares) to estimate the parameters a and 8 with a and b, respec-
tively. Then, w = exp{a + bx}.

FOR OUR REGRESSION MODEL, we have assumed that the variance of
the the response is fixed for any input value. Often, a more realistic as-
sumption is that these variances are dependent on the input variable, but
known up to a proportionality constant. More formally, we know that for
each piece of data, Var(y;) = o*/w,;. As before, to obtain a linear model, we
want to minimise the sum of squares, but in this case the weight of each
error should be proportional to the variance.??” That is, we choose the
estimators a, b that minimise the sum

Z Zwi(yi—a—bxi)z.

2 (yi—(a+bx))” 1
o Var(y) 0?5

To find these values, we differentiate with respect to a and b and equate
the derivatives to 0, as usual. Hence, we obtain®

n n n
Y wiyi=a) wi+b) wix;,
i=1 i=1 i=1

n n n

Y wixiyi=a) wixi+b) w;x?.

i=1 i=1 i=1
Solving these equations, we obtain the weighted least square estimators.

In general, it is not always obvious to know how does the variance de-

pend on the input variable. Still, there are many cases where this can be
reasonably expected. A simple example is if one is trying to understand the
relationship of water used in a house, dependent on the number of people
living in it. Assuming that the amount of water used by each person is in-
dependent with a fixed variance, then the variance of use in a household
will be proportional to the number of people in the house. Sometimes, the
variance dependency can be understood by an analysis of the scatter plot
of the data and its standardised residuals, as depicted in Figure 25.

AS WE HAVE ALREADY seen, the relationship between the independent
and the response variables may not always be linear. Still, the dependency
may follow a polynomial of the form y = B + 1 x+ B2x*> +---+ B, x" +¢£. In
this case, we want to estimate the regression coefficients ;. Generalising
the idea of linear regression, given a data sample of size n, we compute
the least square estimators by, ..., b; of By, ..., B, which are the values that

26 Of course, one of them might be known,
but the more general setting is where they
are both unknown.

271t should be clear that for the data
points where the variance of y is larger, we
should expect to observe larger errors. To
handle all the data uniformly, we weight
each point proportionally to their vari-
ance.

s -2 n
—=— Y wiy;—a-bx;),
da o2
) i
== w;(y; —a—bx;j)x;.
ob  o? /5
30| e

20

5 10 15 20

Figure 25: The variance of the data (ob-
served by the margin of error) seems to in-
crease with x.



minimise

Z(yl Bo—Prx—--—Brx")*

Following the usual approach,?® we obtain the so-called normal equa-
tions

n
Zyl—b0n+blle+b22x+ Aby ) x!
i=1 i=1 i=1
n
Xiyi= bOZx,-+b1le?+b22x?+...+br2xi”l
i=1 i=1 im1 im1

n
t2 —b()Zx +b12x +b22x +. +br2x;+2
i=1

£M= FM=

n
ot by Y XET

i=1

n n n n

r _ r r+1 r+2
Y X[ yi=bo) xi+biy x["+by)y X"+
i=1 i=1 i=1 i=1

The most important question to answer in polynomial regression is
what degree of a polynomial to use. This requires a careful analysis re-
garding the trade-off between fitting and prediction. On the one hand, a
polynomial with a higher degree will be able to fit the data better, produc-
ing smaller residuals.?? However, recall that the values of y are subject
to a random noise. A better fitness in this case will mean fitting the noise
as well, which may reduce the predictive power of the model.>'? As a rule
of thumb, you want to have the smallest degree that matches the general
shape observed in the scatter plot of the data.

To understand this, consider again the third plot from Figure 23. A vi-
sual inspection suggests that the data follows a quadratic pattern. Thus,
we may try to fit it through a quadratic regression method. The resulting
curve, on the left of Figure 26, provides a good approximation to the ob-
served data. A polynomial of degree 15 (Figure 26, right), fits the observed
data much better, but makes some unreasonable predictions around the

limit values.
15 : 15 —
w0} S 1) ~i
o i
Y 1 s} J :
0 - . - 0 - .
L : L L L L : L L L

5 10 15 20 5 10 15 20
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208 Equating the partial derivatives to 0.

29 In principle, a polynomial of degree n
can perfectly fit a data sample of size n if
all the values of the independent variable
are different.

219 This is known as overfitting.

15 | 1

Figure 26: Data from Figure 23 fitted
through polynomial regression of degree
2 (left) and 15 (right). The fitting curve
is represented by a dashed line. Notice
that the polynomial of degree 15 approxi-
mates the data better, but predicts the re-
sponse for values of the independent vari-
able around 1.5 and around 19.5 to be far
away from all observations. This is a clear
case of over-fitting.



Non-Parametric Hypothesis Testing

NON-PARAMETRIC HYPOTHESIS TESTING refers to cases where no as-
sumption is made about the shape of the underlying probability distribu-
tion. When some information is known, one should try to use a paramet-
ric test as in the previous chapters, but in some scenarios the only feasible
solution is a non-parametric test.

Sign Test

SUPPOSE THAT WE HAVE a sample %1,...,%Z;,, from a continuous distri-
bution F, and we are interested in testing a hypothesis about the median
of F.211 If m denotes the median of F, we want to test the hypothesis
Hy: m=my.

Consider the fact that F is a distribution function. This means that for
every i,1 < i < n, P[Z; < myl = F(myp). Taking this into account, we can
define the Bernoulli variables

1 Zi<myg
I =
0 otherwise.

These variables are all independent, with parameter p = F(my). Overall,
our null hypothesis is equivalent to stating that p = 0.5. Let v =Y I,
and % be a binomial random variable with parameters (,0.5). Then the
p-value for the test that p = 0.5 is

2min{P[% < v],P[% = v]}.
In general,
P[Bin(n,p)2vl=P[n—-Bin(n,p) <n-v]=P[Bin(n,1-p)<n-v],
which means that the p-value is

2P < v] v<
2P[% <n-v] v=

[NTE RN NTH]

What this test is doing is counting the number of successes or, in other
words, the signs of the values &; — mgy. Hence, it is called the sign test.

Example 83. A sample of size 100 has 62 values smaller than a given my
and 38 that are greater. The p-value for the test that the median is my is

2 The median of F is the point x such that
F(x)=0.5.
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2P[Bin(100,0.5) < 38]. By the central limit theorem, we know that

P[Bin(100,0.5) =38] = P[Z =< 38.5-50
yJoJd) = = \/ﬁ

and hence the p-value is 0.0214. Thus, the hypothesis Hy : m = mg will be

|=P[Z=-2.3]=0.0107,

rejected for a significance level of 0.05 but not for one of 0.01. A

One use of the sign test is to measure the effectiveness of a treatment.
Suppose that we have a series of n patients with an ailment, and we apply
a new treatment to them. Some of them will get better, while others may
get worse. If the treatment has no effect, we will expect the median of the
differences in the results to be 0. If k of them got better, then we would
reject the hypothesis that the median change is 0, with significance level
a, iff?!?

k (n a
n —
iE:O(i)(Oﬁ) < 2

Of course, it is also possible to do one-sided tests for a population me-
dian. Suppose that we are interested in testing Hy : m < my. If p denotes
the probability that a population value is less than my, then Hj is correct
if and only if p = 0.5. To use the sign test, we obtain a sample of size n. If
v of them have value less than m,, then the p-value will be the probability
of observing this value v (or something smaller) by chance if each element
had probability 0.5 of being less than my; i.e. P[Bin(n,0.5) < v]. Dually, if
we are interested in testing that the median is at least m, then the p-value
is P[Bin(n,0.5) = v].

Signed Rank Test

THE SIGNED RANK TEST is used to verify that the distribution of a popu-
lation is symmetric around the value my; that is, it verifies the hypothesis
Hy: P& <mg—al =P[Z >mgy+a) forall a> 0.

Suppose that %Z;,...,%, is a sample from a random variable & with
unknown distribution, and let %; = &; — mg,1 < i < n. Once we have ob-
served these variables, we can rank them according to their absolute val-
ues. We can now define, forevery j,1< j<n

1 ifthe j-th smallest value is from an observation % <0,

0 otherwise.

We then build the test statistic T := Z;?Zl jI;.2'3 This statistic counts, like
the signed test, the number of values that are smaller than the hypothe-
sised median my, but now weights them according to their relative dis-

tance to this value.?14

Example 84. Consider a sample of size 4 with observed values &) = 4.1,
X, =1.5, X3 =3.1, Z, = 1, and suppose that we want to test the hypoth-
esis Hy: m = 2.215 The rankings of |%; — 2| are 0.5,1,1.1,2.1, which come
from %, X4, X3, and X7, respectively. The first two come from values < 2,
and the last two from values = 2. Hence I = I, =1, and I3 = I; = 0. The
test statisticisthen T=1+2=3. A

212 Note that the sign test does not take into
account the strength of the effect. If half
of the results are extremely positive, and
the other half only slightly negative, the
null hypothesis will not be rejected. On the
contrary, if all the effects are negative, but
only by a tiny amount, the hypothesis will
be rejected.

#3The idea is that the ranks should
be symmetric; approximately 0s and 1s
should be interleaving.

214 That is, elements that are farther away
from my get a larger weight.

215 That is, mg = 2.
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If the null hypothesis Hy that the distribution is symmetric around my
is true, the mean and variance of the test statistic can be easily computed.
Since the distribution of % = & — my is symmetric around 0, for any pos-
sible value of |%/] it is equally likely that % > 0 or & < 0. Thus, for each
j,1<j < nitfollows that P[I; = 1] = 1/2 = P[I; = 0]. This means that*'®

L 1 n(n+1)
=E|Y jlj Z
j=1 j=1
3 DEn+1
Var(T) = Var Zﬂ]) S PVary) =Y. jpra= D@D
j=1 j=1 =1 24

Clearly, one can use the Central Limit Theorem (if the sample size is
large enough) to approximate the distribution of T through a normal. Here
we show how to make a precise computation of the p-value.

To obtain a test with significance level a for Hy, we should reject Hy if
the observed value ¢ of T is such that P[T < t] < a/2 or P[T = ¢t] < a/2.
This means that the p-value for the test when the observed value is # is

2min{P[T < ¢], P[T = t]}

To be able to compute this value, we take advantage of the equivalence

nn+1)
P[T=t]=P [T = -t,
which means that the p-value is
. nn+1) N
2min{P[T<{],P|T < 5 —t|¢p=2P[T=t],

where ¢* := min{t, @ — 1}

To compute P[T < t*], let Pr(i) denote the probability that the signed
rank test statistic for a sample of size k is less than or equal to 7, under the
assumption that Hy is true. We will compute Py (i) recursively starting with
k =1. If k = 1, we have a sample of size 1; that is, only one observation. If

Hy is true, then this observation is equally likely to be less or greater than

myg. So,
0 i<0
Pi()=41/2 i=1
1 iz1

To compute P (i) we condition over the value of the variable I:

Pr(i) =

M =~

~.

L

IA

<
L

Il
—

M?r

k
=P|) jIj<illx=1|PII Zﬂjsiuk:o P[I; =0]
i=1 i=1
k-1 k-1
=P|Y jlj<i—k|It=1|PIx=1]+P| ) jIj<i|Ix=0|P[l}=0]
i=1 i=1
k-1 k-1
=P|) jIj<i-k|PU=1+P|) jIj<i|P[I=0].
i=1 i=1

216 Recall that the variance of a Bernoulli is

p(1 - p), and the sum of the first n squares
is n(n+1)6(2n+1].
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As before, if Hy holds, then P[I; = 0] = P[I; = 1] = 1/2. Moreover, Zf;ll J1j
is the signed rank statistic for a sample of size k — 1. Hence,
Pi_1(i—k) N Pr1(D)
2 2
This recursive construction can be used to compute the values of P, (t*)

Pr(i) =

in general.

The Two-sample Problem

SUPPOSE NOW THAT WE want to compare two methods, which cannot be
applied to the same elements. Then we have two samples %7,...,%Z, and
M,...,%y of the results produced by method 1 and 2, which have contin-
uous distribution functions F and G, respectively. Then, we are interested
in testing the hypothesis Hy : F = G.

One idea for testing this hypothesis is the rank sum test.>'7 This test first
orders all the n + m values in the two samples, and ranks them according
to the order; that is, the smallest value hast rank 1, the second smallest has
rank 2, and so on, until the largest values that gets rank n + m. For each
i,1 <1i < n, define the random variable R;, which gets the rank of the value
of &;. Then, we can define the test statistic

n
T:=) R,
i=1

which sums the ranks of the values of the first sample.?!®
We should reject Hy with significance level « if the observed value ¢ of

Tissuchthat P[T <t <a/2or P[T = t] < a/2.2!% For any integer ¢,
P[T=t=1-P[T<t]=1-P[T<t-1].

Hence, we should reject Hy iff P[T < tf]<a/2or P[T<t-1]=1-a/2.

To compute these probabilities, we show how to recursively find the
values P(N, M, K) describing the probability T < K when the sample sizes
are N and M, and the null hypothesis Hj is true. To achieve this, we con-
dition on whether the largest value from both samples was observed from
the first, or from the second sample.

If it belongs to the first sample, then the value of T is N + M plus the
sum of the ranks of the other N — 1 elements of the first sample. Under the
assumption that Hy is true, all the samples come from the same distribu-
tion, and hence P(N, M, K) = P(N-1, M, K—N—M). Similarly, if the largest
element belongs to the second sample, then P(N, M,K) = P(N,M - 1,K).
Since the whole sample is independent, the largest value is equally likely
to be any of the N + M observed elements; that is, it will belong to the first
sample with probability N/(IN + M). Overall, we get

N-P(N-1,M,K-N-M) M-P(N,M-1,K)

P(N,M,K) = +
N+M N+M

To start the recursion, we notice that?2°

0 K=0 0 K<O0
P(1,0,K) = P(0,1,K) =
1 K>0, 1 K=0.

27Also  known as Mann-Whitney or
Wilcoxon test.

218 Notice that the two samples may have
different sizes. Still, the idea is that if the
two distributions are the same, the ranks
of & should be interleaved with those of
%Y.

219 We reject if the sum of the ranks is ei-
ther too small or too large to be explained
by chance.

20 Notice that this test is agnostic to which
is the first and which is the second sample.
However, this recursion is more efficient if
the first sample is that with the smallest
rank sum.
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Recall that the rank sum test rejects Hy iff
2P(n,m,t)<a or 2(1-Pn,m,t-1))=<a.

Thus, the p-value of this statistic, when the observed value of T is ¢ is
2min{P(n,m, 1),2(1 - P(n,m, t - 1))}.

SUPPOSE THAT, RATHER THAN two, we want to check that the distribu-
tions F; of k populations are equal. That is, we have the null hypothesis
Hy:Fi,=F,=---=Fj.

To test this hypothesis, we generate independent samples from each
of the populations, having size n;,1<i < k. Let N = Zle n; be the total
number of data values obtained. As before, we rank these values from the
smallest to the largest, and define R; to be the sum of the ranks of the
individuals from population i.

If Hy is true, the rank of each value is equally likely to be any of number
in {1,..., N}. In particular, the expected value of its rank is Lim® M 221

If we define 7 : N”

, it follows that if Hj is true, then the expected sum of
the ranks of the populatlon iis n;7;%%% i.e., E[R;] = n;T.

If Hy is true, the difference between E[R;] and n;7 should be small for
each population i,1 < i < k. To check the hypothesis, we measure the

square proportlonal error via the test statistic
o

and reject the hypothesis is T is large. Since Z{.‘Zl R; is the sum of all the

ranks of all the populations, it follows that Y ¥ R; =y | j= M) = N7,

j=1J= "2
Hence,

1k RE- 2R,n,r+n12.?2
T=z2 "

1 & R k k
) R O

=1 i=1 i=1

1 & R?
=k, VT

. - . . R?
Given the data, N and 7 are constant. Hence T is large iff T'S := Zle +

is large. We use T'S as a new test statistic. To find the significance level,
it is important to know the distribution of TS when the null hypothesis is
true. Although the distribution in itself is quite complex, it is possible to

see that, under some minimal conditions,?23

1
——— _TS-3(N+1)~y2
N(N+1) ( )~ X

Hence, the test for significance level a would be to reject the hypothesis

Hoiff 72 TS-3(N+ D)= x5,

Testing for Randomness

221 Remember that Z;‘:l x=nn+1)/2.

#2The population has n; elements, each
of which has expected rank 7.

23 Essentially, that each n; is at least 5.



NON-PARAMETRIC HYPOTHESIS TESTING 79

ONE BASIC ASSUMPTION IN statistics is that the input data is generated
through a random sample from a population. We consider here a test that
verifies whether this is indeed the case.

Consider first the case of a Bernoulli random variable; i.e., all the values
are 0 or 1. Given a sample Z7,...,ZN, a sequence of consecutive equal
values is called a run. For example, 111011 has 3 runs (first a run of 1s, then
one of 0s and finally one of 1s).??4 Suppose that in the sample of size N,
we observe 1 n times, and 0 m times (N = n+ m), and let R be the number
of runs. If the null hypothesis Hy stating that this is a random sample is

true, then the sequence observed would be equally likely to be any of the
N! _ (n+m

n'm! — ( n

mass function of R is such that P[R = k] is the proportion of permutations

) permutations of these values,??®> and hence the probability

of n 1s and m 0s that have k runs.
It can be shown that, assuming Hj is true,

(i) (o)

(")
(7 [ R )
(")

The hypothesis Hy should be rejected if the number of runs observed is too

P[R=2k] =2

P[R=2k+1]=

large (the sequence is just changing between 0 and 1) or too small (there
are long sequences of the same number). More precisely, the p-value for
this runs test, when the observed number of runs is r is

2min{P[R=r],P[R=r]}.

IF WE WANT TO test randomness of a sample from a variable & that is
not a Bernoulli, we can simply check for runs of values above and below
the sample median. More precisely, let m; denote the sample median of a
sample Z71,...,Zn, and let n, m be the number of values smaller or equal
than m; and greater than mg, respectively.??® We can then define new
Bernoulli variables

1 5{]’ < mg

0 otherwise.

If the original data is random, then the sample of the variables I; will also
be random. Hence, the runs test can be used to verify that the original data
is random.

If n and m are both large and the null hypothesis is true, then R approx-
imates a normal distribution with

_ 2nm
a—
2 2nmQ@2nm-n—m)

T m+m2n+m-1)

+1

Therefore,

MRsﬂ:P[R_“sr_“]z@(_”)
g g

mRzﬂ:1—®(_“)

224 The number of runs in a sample is the
number of times the value changes plus 1.
It says how many times the results switch.

2% If we make a random sample, the obser-
vations could have been obtained in any
arbitrary order.

226 That is, if N is even, then n = m = N/2;
otherwise, n=(N+1)/2and m=(N-1)/2.
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This means that, in this case, the p-value for the runs test for randomness

2min{q>(%),1—q>(%)}.

is approximately

Example 85. Suppose that a sequence of sixty 0s and sixty 1s results in 75

runs. Then, we can compute

+1=61,

2nm 2(60)(60)
l’t: +1=
n+m 2(60)
o2 = 2nm@2nm—n—m) 3540
T m+m2nm+m-1) 119’
r-u _75-61
o 545

=2.567.

Then, the p-value is approximately
2min{® (2.567),1 - ® (2.567)} = 2(1 - 0.9949) = 0.0102.

For comparison, the actual p-value for this test is in fact 0.0130. The ap-

proximation is quite good. A
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